CONTRIBUTIONS 


BORN’S Fig LD THEORY 
feos Madhavi Rao. 





aa? -s : _ ne: 
fT, ¥ at 


f 











Contributions to Born's Field Theory. 


ee ee ee ee ee ee ey 


submitted for the degree of Doctor of Science 
of the University of Calcutta 
by 
B. S. Madhawa Rao, M.Sc., F.R.AS, 
Professor of Mathematics, 


University of Mysore, 











* 
io 


~ 


“ak ca a es ria . f 


— cr ah psdtnt ore “partons 2°. 
ae to Sonnet isa rp 





rw 9 Syp:; Ory ioe vig. 


Boe ee, 





CONTENTS. 


Pages. 
: j - vil 
Ring - Singularity in Born's ieee 


(1) 


(2) 


(3) 


(4) 


(5) 


(6) 


(7) 


(8) 


Unitary theory - I 
" II ( Parts A and B) 23-49 


On the fine structure of Balmer lines 50-56 


Semi-vectors in Born's field theory. Sse 


Theorem on action functions in a re 
Born's field theory 


Generalised action-functions in 78-109 
Born's Electro-dynamics 


Complex Representation in RBorn's 
Field Theory - I 110-124 


" 
Il 
(Biquaternion representation). 125-135 







= r > asd sean a ern ont oss wt hk) 
a 7 i. Sada 4," 4 7 — ow a -_ 
ad? Pinte: = oe ith TUES byt ca 


ae Bae: = dk’ oats elk tg oo Spans > Cos 
‘Nios t 1 Pa 
i —_— ape a; 7 7 rs — ae ie Ce 
eat ont seat 


Se GSanhiawte ties sig 


¥ 7 amt ~ 
‘ Vener mr ent we. yo pa =e)! a | i 3 


eae or, hi Sa eee fore” { ‘ ‘ ; 


A 
- 


Te Pt hs: a4 | Ta) 
q — rs) aplarcneletens (wip dciel: ; 
as ; “ 
| ; ‘a0, ‘ - 
ad<cl ® ry 6 j * 
4 gt v@ ble BY 
avy } ee 
ee 
' a f \) nae 
’ a a > f ' ale 7 pee e '-& & 2865 ‘ 
, he c Agu’ ead es il (‘794 iwtt 
‘ 
* = ~ ae ; 





(i) 
PREFACE. 


The thesis presented consists of eight papers 
of which five and part of shother have already been 
published, one is to be shortly published and the 
rest have been given here for the first time. All ) 
the papers are devoted, exclusively, to the classical 
aspect of Born's field theory. 

It is perhaps not necessary to state in this 
preface the salient features of this new field theory. 
An excellent and short account is given by Heitler in 
his book "Quantum Theory of Radiation" and Born himself 
has given an elementary and illuminating account in 
his article "The Mysterious Number,137" (Proc. Ind.Acad. 
Sei., A.Vol.2 (1935), p.549 - 61), It may however be | 
mentioned that while the classical part of the theory 
is very Satisfactory, the quantisation does not appear 
to be free from fundamental difficulties, This is not 
very surprising either, for, recent work in positron 
theory and theory of cosmic showers has shown that it 
is quite important to introduce a Characteristic length 
in the early Stages. of an Electro-dynamical theory i.e. 


in the classical part. ‘This is exactly what Born's 


field theory does, The knotty questions relating to 


"infinite self-energy" and “infinite self-force" which 
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are consequences of the non-intréduction of such a 
length, are easily eliminated in this theory. Also the 
old question of structure of the electron and the asso- 
ciated question of cohesive forces of non-electromagne- 
tie origin attacked in vain by Abraham, Poinesré and 
others receive elegant solutions, thanks to the non- 
linear character of the theory. It can safely be said 
that, whatever its achievements might be hereafter, the 
‘Sladatedt aspect of Born's field theory has come to 
ecquire a permanent value as a new approach to problems 
of electrodynamics dealing with very high field strengths, 
It appears therefore worth while to carry out investiga- 
tions in this part of the theory and tackle problems 
amenable to it. Another reason, which at present, 
remains only a hope, for carrying out comprehensive work 
in this direction is the expectation that when the 
recently introduced Neutrino theory of light initiated 

by Jordan and,in another form, by De Broglie is developed 
So aS to yield the fiela equations of electro-dynamics 
these latter will be in the form given by Born's theory. 


The eight Papers in this thesis could be roughly 


Classified into two divisions, the first three being 


related to the physical aspect of the theory 
to the Mathematical aspect, 


and the rest 
The first two P® pers add a 
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fil 
new type of problem that can be tackled by means of 
Born's field theory. The only problem so far dis- 
cussed in the theory in relation to the condition of 
"finite self-energy" is the special case of an electro- 
static field with central symmetry. These two papers 
add the case of axial symmetry in the zero-approxima- 
tion, i.e. the assumption that the field theory 
solutions valid in the immediate neighbourhood of the 
axial structure are to be super-posed on the Maxwellian 
solutions to calculate the self-energy. The method 
has been worked out with the several types 6f Born's 
Electro-dynamics and gives rise to concordant results 
proving the soundness of the method. It also suggests 
that Kramer's idea of explaining the spin of the elec- 
tron on purely classicsl notions is not consistent with 
the principles of the unitary field theory and points 
out that all models, except perhaps that of the point- 
singularity, are unsuitable for the representation of 
the elementary particles, The third paper which 
treats of the radiation perturbation in the central 
field of the one-electron problem Serves to bring out 
Clearly the characteristic feature of Born's theory 


which derives, purely Classically, several results 
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IV 


which could be dealt with by quatum methods. It has 
been shown by Meixner (Ann,@er Phys.1935,23,371 and 
1936,27,389) that the effect of the interaction of 
the electron and its radiation field could be accounted 
for on Dirac's theory of radiation by using the methods 
of Weisskopf and Wigner. The work in this paper kags 
leads to identical conclusions by using the totally 
different classical method of Born's theory in a very 
much simpler way. Another case where this feature of 
Born's field theory is exhibited is the case of sca- 
ttering of light by light, first suggested by Debye. 
Euler and Kockel have explained this on Diracs positron 
theory and also indicated the parallelism with Born's 
theory. I have shown in the sixth paper how this 
parallelism can be carried still further to a general 
type of Born's Electro-dynamics. 

The remaining papers of a mathematical nature 
deal with questions of relativistic invariance, several 


types of representations of the theory and of genera- 


lised Electro-dynamics, The fourth paper Supplies a 


necessary proof of relativistic (Lorentz) invariance 


of the field equations ana for this purpose the ordinary 


tensor theory is found insufficient and use is made of 


Binstein-Mayer's semi-vector theory. This paper is 
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perhaps the unique case where semi-vectors ( as 
opposed to spinors) are applied in any particular 
investigation of this nature. 

The fifth paper proves the uniqueness of Born's 
action-function under specified conditions, The sixth 
paper on general types of action functions in Born's 

electro-dynamics carries the work of Infeld one step 
further and adds one more degree of freedom in the 
choice of suitable action-functions for the theory. 
While the physical significance of this ambiguity is 
not quite clear, the added degree of freedom greatly 

enhances the beauty of the matlematical formalism. 
This generalisation has brought out close connections 
with the complex formalism of the theory developed by 
Weiss and goes quite deep into the several invariants 
of Born's Electro-dynamics, In particular it might 
be noticed that while the original Born-Infeld action 
function was in an irrational (square-root) form, and 
Sehrodinger's representation Sve it a rational form, 
the present paper gives a form expressed in terms of 


transcendental functions. 


The last two papers are concerned with the 


complex representations of the theory. The seventh 


paper is confined to Schrodinger's representation and 
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extends his results to the U and VY - representa- 
tions wherein the Lagrangian takes, instead of the 
rational form of Schrodinger, again the square root 
form of Born's earliest expression. The last paper 

on biquaternion representation extends the results of 
Watson by means of alternative representations, and 
the application of biquaternions to generalised action 
functions, introducing in particular the notion of 
logarithm of a biquaternion for a certain complex in- 
variant. 

The last five papers serve to bring out the rich- 
ness and variety from a mathematical point of view of 
the methods of Born's Electro-dynamics, and may perhaps 
prove useful in the case of an eventual application of 
the considerations treated in them to quantum electro- 
dynamics, 

I have benefitted very greatly in the preparation 
of this thesis to the published works of Born, Infeld, 
Pryce, Hoffmann, Weiss, and Watson from which I have 
drawn freely, My acknowledgements to Prof.Born's help 
will be found insome of the papers composing this 


thesis, I am greatly indebted to hi for his encourage- 
ment and kind interest in my work, 


I have not thought it necessary to append a 
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bibliography at the end of the Thesis since copious 


references to relevant literature on the subject are 


given in the footnotes of the individual papers. 
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RING-SINGULARITY IN BORN’S UNITARY THEORY—I. 


By B. S. MADHAVA RAo. 
(University of Mysore.) 
(From the Department of Physics, Indian Institute of Science, Bangalore.) 


Received August 17, 1936. 


7. Introduction. 


In two papers on the unitary theory of field and matter Born! has given a 
classical treatment of the derivation of the equations of motion of a point- 
singularity representing a particle. The chief assumption made is that the 
external field must be constant over the ‘‘ diameter’ of the particle. The 
method is to start from a variation principle representing both the motion 
of the field and the singularity, the latter part also being written as a space- 
time integral involving Dirac’s 8-function. In addition Born has also intro- 
duced a spin for the particle and given a derivation of Kramers”? formule 
on the basis of the unitary theory. A treatment on similar lines without 
however introducing the spin has also been given by Pryce® who starts with 
the Hamiltonian instead of the Lagrangian. 


In the second of the papers referred to above, Born has shown that the 
results obtained by Kramers are difficult to interpret on the basis of the 
unitary theory and shown that the difficulty disappears if the particle be 
assumed to have, besides the magnetic moment, a charge or an electric 
moment or both. This enables the derivation of a set of equations of motion 
which are a generalisation of Kramers’ equations, self-consistent without 
imposing a restriction on the Lagrangian and satisfactory from the purely 
formal standpoint. Since, however, the elementary particles occurring in 
nature have no electric rest-moment the conclusion was drawn that, on the 
basis of the unitary theory, point-singularities were not the correct repre- 
sentation of the particles. It was finally suggested that there might be 
other possibilities, : 

I have considered in this 


. paper an elementary particle as a ring-singu- 
larity. ‘The principal results 


obtained can be summarised as under :— 
(a) Finite expressions are obtained for the total energy and angular 
momentum. ¥ ; 


1M. Born, Proc. Ind. Acad. Sci., A, 1936, 3, 8; tbid., 1936, A, 3. 85 


; H. A. Kramers, Physica, 1934, 1, 825; Zeeman, Verhandelingen, 1935, p. 403 
2 Mer b, Pryce, Proc. Roy. Soc., A, 1936, 155, 597. i 





Kn 
wn 
on 


2 
B. S. Madhava Rao 


wn 
wn 
Or 


(b) The ratio i i i 

(b) : of the magnetic moment to angular momentum is obtained 
as e/2p. and not e/w (u =rest-energy) showing that we do not 
obtain an explanation of the spin. 

(c) Taking the ring-singularity as representing a proton we can derive 
an estimate of the ring-radius so as to explain the high mass of 
the proton. 

2. Field Equations. 

Let the axis of symmetry be taken as the z-axis and the radius of the 

ring a. We introduce cylindrical co-ordinates p, %, z and assume axial 


y = Th a li : . a > 
scopes e linear density is given by 7 = e/27a and v denotes the velocity 
vector. We introduce the Dirac $-function such that 5 = co on the ring and 


s [dipdz = 1. 


Proceeding as in the papers of Born quoted 
above! without using spin considerations we 


- obtain the field equations for the stationary 
E case in the form. 


> 


- > 
rot H = 7v0; div D = 7; 


> 


> 
civebe—n0E rot K = 0. 


We shall now obtain the equations of transformation for vector-components 
so derive expressions for the operators 


| 
(2, 1) 
l 


in the case of axial symmetry and a 
div, and rot.2 From the equations of transformation, 


fee RCO 
; dip : oy x 
y = psing f tam =F yy ~~ iPr aNd gy ~ op 
Z2=2 J 


one has 


5. a = 0, oy — 0 
ye Pao ae op p op p 
juan ae + ee 
oy pep P .: 
and therefore for any scalar ¢ of cylindrical symmetry iS = 0) 
2,2 ap _ «9, o_ YP 
(2, 2) ax a p dp , oy p dp 


nm 
ge 


a 


4 See Born, I, p. 10, equations (ae 9)- 


5 I have to thank Dr. Beth, one of Prof. Born’s pupils, : 
ion of these expressions and of (2, 6). 


for having communicated to 


me the correct proofs of the derivat 
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> 
and for any vector A, 
f 


(A, == Ap Ag | Ap= = A EPA 
(2, 3) | p p p p 
“, | : 
Agi © Ageia Aan] MAG cua! oA eee 
L Ay p p+ p p $ p x a y 
Accordingly 
dd | 
gradp = aa. | 
grad, ¢ = 0 | 
grad, b = | 


so that if a vector he a gradient it has no y- -component. 


To calculate div A for Any arbitrary vector A, we divide the vector field 

into two fields : Aes = B — ‘a stich that By = 0, Cp = 0, C, = 0, v.e., [cj = 
C=Cy. Wecan prove that div Cc = 0, for 

, ek, Oy 4 oC, 7 aC, oC, 

div C = ae yy 7 oz ~ ox Oy 


gee eae : +a ©) 


1 





_ _ xy 2 y a4” 
p* ies oe p> ~ dub p 
i oe ac 
ey 2 lc cl= 
dy ~ dy 2 ( Jr, pablo =) 
ey 
pap pi 
aC, , wt, 


er UA 0, 1.€. , div @ = 0 and div A = diy B- 


Pe oB oB oB 
but, div B = S—# 4 Py staat 
¥ Ox ns oy te oz 


0 
gle Be) + 5(2 Bp) + °8 - =; sine {9 3) since By = 0 
z Be. °o (Bp B ob, 
*e(e) + AG a) +S 
ns mn ae - > (Be) 2e _ (= ae 
j p\p ~ %& ay + a 
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2Bp > (Bp ates : 
ao. | xp ea) a a [since from p? = x? + 4? 
op Op _ 
* on TY ay =? 
B oB oB, 
See 


—> 
Hence, for any arbitrary vector A 





_ 2% _ 1 4d(pAs) , d(pAs)) 
2,4 div Ae eee O(pfrz)} 
a oy p | op 7 ox) 
> _ 
We shall now calculate rot A for an arbitrary vector A which is however 
axially-symmetric, 7.e., for which 
dAp _dAy _ As _ 
oes a oy os oy Pr 
> dA, dA, 





ei oy an pie oF 
2 2As As _ F2Ap _ydAy _ 2A, 
poy lene ox op Ok p 2% p op 


: dp lp p p dy 
-%2 8 —Y ay} 42 fap 2 as} 
Cipla Ppa Ath ip Pp 
dAy , 1 
Sen 
Hence, . 
> d 
ere A =-— a 
| K — Ap _ As 
(2, 5) ioe he Dz — dp 
| ~ 12 
|rot, A= oy, (pAy) 


>> > > 
We shall now prove that for the field vectors E, H, B, D satisfying the 
differential equations (2, 1), we have the relations 
(2, 6) Ey = 9, Hy, = 0, By =0, Dy =9. 
shows that it is irrotational and has no singularities. 


> 
As regards EF, (2, 1) 
gular scalar and from the theorem proved 


Hence it is the gradient of a non-si! 
on p. 357, it follows that Ey, = 0. 


reo 
. a ‘ . . 7) A EG 
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Ze . . . 
Next considering H, we observe that it has a singularity and cannot 
be expressed as the gradient of an analytic scalar function. We write 
> - — 2 , ; 
H =H, -+ H!, the first term being the classical part 
+ - -> > 
on account of rot H = 0 and rot H,, = 0, we get rot H'=0. Also H,, 
— > : 
has the same singularities as H and accordingly H! has no singularities. This 


> -> 
fact along with rot H'= 0 enables us to deduce as above that H! has no 


> 
#-component. But H,; is well-known and has no #-component. Accordingly 
Hy =0. 


> 
The proof for B is obtained by considering 


Ly as : 
H = -5 where I, = L (Ff, G) is the Lagrangian 


oB 
wep oF dG > > 
teal ly eT 
oB oB 


oo > 
: —- 
Neither H nor E has ay-component. Hence at all places where L, + 0, B 
’ 
also has no -component. 


> 
A similar proof for D is obtained from 


ae oL oF Es 
D = eT 8 Sigh aie 
oF E(k 


> > > 

EK has no ¥-component and B none when lL, 0. Hence D has no b-com- 
ponent at all places where L, + 0 or Le =: 

Using (2, 4), (2, 5) and (2, 6) we can now write the field equation (2, 1) 
in the form . 


(oH, dH. 
(2, 7) { . nny a : 
| 0(pB o(pB, 3 
[200Bs) | 210B.) _ 4) 9E, aE) _ 
. p oz ’ dp oz 
since, further, in the stationary c =U, =() 7g : 
Fy case vp =v, = 0, vy =v. The Lagrangian 


is given by 


(2,8) Laat Re Aiea tana Siesta pre yee tee 
+ & (BP + BA Be p) _ x (BpEp + B.E,)2 — i} 


3. Boundary conditions atp =a 


Integrating the field equations over the eleme 


1f%(pDp) | dXpD,) 
ie dp B 7 


nt of volume 


Yo 
s 2mpdpdz = ff 78+ 2npdpdz = 27an =e 
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and the left-hand side 


St cee 


== 2a [ p {Dp cos (p, v) +- D, cos (z, v)} ds = 27a i D,ds 


( hye D Pe foie 
eae les. 
(3, 1) { : | 
bares if Bids = | on ds 
2 J 
Similarly 


oH oH, 
aS. ae =) 2mpdpdz =f f nv5+2npdpdz = 2navyn = 


and the left-hand as 
= Qara a {Hp cos (2, v)—H, cos (p, v)} ds 


=— 2na f H, ds 
0 


f 1.¢., | H,ds = — yv ) 
2 { a 
(3, 2) { t 
ae yf E,ds = 0 | 
4. Solution in the case of zero-approximation. 
Take p = 4. 
In this case the equations 
3 2 Lie 0 
(4, 1) oBp wy oB, = 0: oF, _ dEp — 
Op oz op oz 
are satished by taking Bp = AE, and B, = — Ap, so that 


Bp Ep + B, E; = 0 


and the Lagrangian 
L = 2 {fa 5 ae Tay (Be +82)-1} 
_» {fis hG aor 39-3} 


without making these substitutions 


ex iA) + Bet Be EA - BA] 


or, 


7 
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T'rom this last form of L, 
oL Bp = AE: 
Hp ea ee | aos 
B 9 9 
el +p BttBt-Etny  ' 
oL 
=— =) 7-1), 
‘on, : 
Similarly H, = —ADp. 
These relations could also have been deduced from the relations 
oH, _ 0Hp _ sR ery 
dp az dp oz 
and we would have obtained Hp = wD, and H, = —uDp:; but, the above 


method however shows that p = A. 
We can determine A from the boundary conditions 


— qv = Fie Hods= =f {H, cos (p, v) — Hp cos (z, v)} ds 


=—X re {Dp cos (p, v) + D, cos (2, v)} ds 





(4, 2) “ A=v Letl—2=1—v =Q?, 
Rewriting the equations in the case of the zero-approximation 
wDp OD, 8B, 8B 

ar be bet atte 


with the boundary conditions 
D,ds = 7: E, ds = 0 
f : i : 


we find that a solution is given by 





fh i eh 
| Dp a soak . P “9 | 
\ 2ur Y 
(4,3) | 
| eee yy 
[D: Qar J 
where 7? = (p — q)? 4 22 


, 2.¢.,r is the distance from a point on the ring, 


. ae . ar 
We can easily express E in terms of D by considering the Hamiltonian H, 


Pr i = eS, > i >> 
H mth + 5 (D® — H2) — 7 (D H) -1} 


| See se ere 
in i i (D? — He) — i| since (DH) = 0 in this case, 
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as easily follows from the relation Hp = AD, and H, = — ADp. 
aA Ep = ome — 6B.  oeee —- Dp 
Dp ie > % 
es -' H*) ot 
andie be ae a ee ee 


Putting in the values of Dp and D, from (1) 





f ” pan Geet 
i ely a rear 
ZTrYv 2 y,2 
(4, 4) | ; Vy? + 7, 
ae Se 
| z ay / 7 -t 7,2 | 
(4,5) where 7, = nb" 


dEp _ dE; 


It is easy to verify that the E-equation, v72., = an: = 0 is satisfied by 


the values (2). This needs only showing that 
0 f pa liter o i 1 :} 
Pa slr VP =a ply VF +n? 


’ ov or 
t.e., (p — @) eS, 


op 

eg ; f oY —a 

and this is true since AS and a eae 

oz 7 dp y 
ab 
4 te eee — and is finite for y = 0, having the value 
oak an VA ore 
les aay 
(ene) 2nr, 


We can now complete the solutions in the case of zero-approximation 











if i nv : Zz } 
| = Qur 7 | 
Anat ¢ 
ot ie Sea ehe eat 
fore Inv Y | 
and 
ly fr nv io } 
PS Orr oP +1? | 
(4, 8) 


q 
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5. Solutions in the classical case. 
Treating the problem as the field due to a circular current, we have to 


determine the scalar and vector-potentials. 








z Referring to the adjoining figure the scalar 
Pp a ee 
potential ¢ is given by 
Me z 27 
‘ » 
d —— adif- ae 
p diz V(p—a cos )? + a? sin?ys +2? 
27 d 
4 Oss d = = eee 
4a J) Vp? + 2 — 2pa cos b + @ 
0 
—7/2 Dail 
= 7 ee where R? = ye + 22 
Arr f RV1—2 sin,’ (p + 4) 
772 
9 4pa ; T— I; 
Re = R2 ; to aes 9 y 
ar /2 
— 74 af 


aR) i= Fi ein'd, 
0 
K(k) e K(k) 
5 es ———S= ss —. ——"— 
AOpen Pe roe ag 
where K (k) is the complete elliptic integral of the first kind. 


Coming to a question of units, we observe that for p, 2 > a, (4) reduces 


£2 es 7 
tod—> dgR Since K(0) = a/2 


2.e., the units we are using are the ordinary electrostatic units and not the 
x ; , 
Gaussian units. To transform to the latter we need only replace e by 4ze 
3 a Te. 
This fact shall be made use of later. 
Coming to the vector-potential due to the circular current 6 we have 


. . Fe 
denoting this by Aj Ap = 0, A= 0, and 


Cpe ee 2.3 i( _F\, 
ae Aha (lees K(k) — F(A) | 
where K (#) and E (k) are the complete 


a elliptic integrals of the Ist and 2nd 





8 See Debye, Ency. Math. Wiss., V., 2, §17 p. 434 
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> 
From the potentials ¢ and A, the field strengths are given by 











— > at 
E = — grad¢d; H=rotA 
: od ob 
t¢, Ha = ——; Ey =0: B= — 2 | 
ES Bp ot tty ees | 
t 
—_ Ay, 12 
Bp = — SP) Hy= 0; Hae 7 (PAs) | 
using (2, 5) and (2, 6) 
From (4), we get 
dd anf 1 dR 1 dK(k) dk 
BE Se Ol a | aoe KB = ° —— | 
: dp R? dp Sen Tee dp 
oR +a. oR z 
R? = + a To ere i = 
(p +a)? + s oie = 
pa yp FPS POR ptt a, Lek Z 
Ri’ kip 20 RP’ kdz Rt 


From the theory of elliptic integrals, 


oK(k) _ E(k) _ K(f) 
hk ~~ Rk” k 
where k’ is the modulus complementary to k, 7.e., k= 1 — 


7 r 
° 12 , 

1.¢6., R22 =— or kh’ == 
: R? R 


Bom [ee aT RW RL ~ 5) Ge — Te] 


7 eens 
yy [Be eed {K(R) _21e-6 Fi) 














2a7RP 
Similarly lx, = ee E(k) 


Coming now to the magnetic field strength, we get from (5, 2) 


H, = 7-3 [R (0D xn ee 
= EE (CB) x0)-n} eH 0-$) RP 
= gy. — 280.2 


1] 
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k? R 
} + BERO-f-¥) 
on — ta (!—; x ao 
eas Ro (x) # ( iy p 


Putting kh? = 4ap/R?, k® = 7?/R?, this reduces to 

















fet 

n= FL 2 xa +a) (OE — be) ot + A 
Elks Pee 

Similarly, 

He — St = EO 9) xo -20)}] 
Bak (0 )mw- - " 0 dk 
=- 22 (a-") x RW} +R (0-2) ia 


k 
es oE(k) 9 I] 


Zz )0©=6—RS:t*~«é«é gS 





-- lz ee- BON) 


: oK(k dE (k 
simplifying by substituting the expressions for — a and yk ), 








12 a AG in oP 
er KO a ER) ; 
thus, 
oy UZ (yp) _ PP? + a®?4+ 22 a aat 
~ sare [E) ye E(A)S 


ae 

(5, 4) 4 
mv ao eo ee 

a a {K(A) Sa aeee Gemae td 


In (5, 3) and (5, 4) we can transform the expressions 
z2 + a® — p? p? + a® -+ 22 p> — at 22 
Se a | 7? pe 2 


by writing 22— ;2— (p — a)? and obtain 


{ — 
Be ee are) 4S era ang 


27R 
(5, 5) ae 


| 
[FE = 1 5 E(z) 


'2 
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{ anv 2z 
Hp =.= Ba) — ™ rin — B 
ee | aT IaRp LX(t) — BC) | 
_ _ anv p—a ) 
w= — 2 Poy ray — Bey | 


Ro x "i Pos 2 > —> 

(5, 5) and (5, 6) are the exact classical solutions (where B = H and D = E) 
Going to the limit +0 which corresponds to the case p—a,2=0 . 
?.e., on the ring, we have 


R—2a, k’—>0, and 
KB (k)—>1 and K (k)—>log ((4/R’). 


Hence the classical solutions valid in the neighbourhood of the ring are 


| Bo = ae pat ae whe log * a 1)| 





Qa r 4a 
(5, 7) 4 
f 
| Tees 
| Bs aD i gk | 
J 
and, 
{ v 2 i 
Hp ae 
27 = 
(5, 8) | | 
H,=-— 634+ ( 8a 
| ‘ 2a ie 47a log r : | 


It is interesting to observe that the first terms in the right-hand members of 
(5, 7) and (5, 8) agree with the unitary field theory expression for the zero 
approximation case (4, 3), (4, 4), (4, 7), (4, 8) when, in the latter, we consider 
(7,/r) small and neglect second and higher powers. 


6. Method of procedure for calculating integrals of energy and angular 

momentum, 

‘The remarks made above suggest the method of procedure to be adopted 
for the calculation of these integrals. We assume that the classical solutions 
hold good except in the immediate neighbourhood of the ring where we assume 
the field theory solutions (in §4) to be valid for values of y large compared 
with 7,. Thus, in the case of the total energy E, for example, we form the 
classical and field theory expressions U,; and U; and write 


(6,1) E=/U,dV + U;dv 
Since we can certainly assume that most of the energy is concentrated in 
the neighbourhood of the ring we take the limits for y in the first integral 
y —a finite number = f (say) for the upper limit and y for the lower limit 
‘The limit f is further so chosen that 


such that 7 is small compared with a. 
For the second 


no terms appear after integration which — ee as 7—>co. 
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integral the lower limit is taken 0 while the upper limit 7 is assumed large 


compared with r, but small compared with a. The angular momentum is 


Further in calculating U; we use the expressions in §4 


similarly treated. 
7) — (5, 8), or, in case a higher approximation 


and for U,,; the expressions (5, 
is needed, the expressions (5, 5) and (5, 6) with the substitution therein, up 


to the desired degree of accuracy, from the series—expansions for K (k) and 


F (k)? valid in the neighbourhood of k = 1, or k'’= 0, v?z., 


[ny oe R? 4 7 aera es ae ; 
(t) = 1+ (log 5 ne (log 5; 1 3) + : 








Wa ot cabs, 
| Cc PG _ 
7. Calculation of the energy. 
> OS 


Uy, = L, + (D-E) 
: (is. 5 Seumenee 
— 2 wt Eis = (BiB 1} a D E, since (B-E) = 0 from §(4). 


B44? att) spice Yr WP ore 


242 
a Ge es ey ae as 
1 











ie ee J aty V7? + 
oop Ue aV = 2a ey U; pdpdz 


x 25 


= ora J U; (a + rcos 4) rdrdd 


yr 277 
= 2na i A U;rdrdd 
0 0 


27 


since wa cos ¢-dp = 0, and U;is a function of ¢ only. 
0 


We have here taken 7 and ¢ to be polar co-ordinates in the meridian 
plane, such that, 
p— a4 =rcos d 
Teed) | z=rsin ¢ 
| dpdz 


rdrd¢ 


7 See, for example, Schlomilch, Komp. d. Hoh. Anal., Bd. 2 pp. 322-323 
4aNGh, Dd. 2, pp. 322-323, 
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1.€., / Us dV = 47a 7, ray 
0 


miner f[[ iat he 

; ( r+yr?2 Ee ay VP =| vdy 
= 4n* ab? f we tee 3 ne 2 } 

) WERE ev eras 


Y 


= 4n® ab® f (view ee ) dr + 4x? ab”? eet ae 
VP +n ) VP +r 
= sat alt (ETE — 7) dr + Anta — by) (ee 
Vr + 72 
0 1 
x 
= a7* a? [ivr — 5) de + ate (5S 
: V1 + x? 
putting y = 14x and using 7, = = oh b! = - 


Se Oe a c ea Oo 
Barter tT ft + 2, — Fh +b antet tog {? bl +s 3} 


(7, 2) where f? = 1 + v? 
(7, 3) hy, dV = an? log (2) 
y 


where we have made use of the fact that 7 is large compared with 7, and that 
v as very nearly equal to the velocity of light, 1.e., unity. 

We now proceed to calculate the classical part of the energy and write, 
making use of (5, 7)—(5, 8), 


> > > 
GA alae ae tea a ee 
PB? 7B? ( 8a i P—4/(,,, 84 _ 
+ 3277a? log = 1) az y* (tog y 1) 


~ Br27? 
w a 7?B® , : na? 
fate = “ (tog 2 =< 1) 2npdpdz 











he 


. 7 z, 
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[Seow v)artne = f FEA oe? 1) 


2a (a + rv cos ¢d) rdrdd 


f 27 

ff Qur (tog se _ 1) cos? ddrd¢ 
? 

asi ff 2x7 (tog = _ 1) dr 


r 





Now, 
8a . - 8a ) r 8a _ ) 
f (0.8 ea 1) dr =" (10g ei) +f (tog ~—1 
yo" ae U¢44 ee 8a 2 
i= Soe) — Sine + 
8a ree 8a TPT <2) ren 
and f (108 oor 1)ar= 5 (tog re 1) + 75 (tog 
To avoid infinites at the ae limit we put f = 8a and get 
(Gu aV = t an?P? log ee (7 log vr) + 0 (v7? log 7) + 0 (7°). 
Since Lt (7 log 7) = Lt i log 7) = Lt (7) =Oand ¢ is small com- 
fal 7y—> 0 r>0 
pared with a, we can neglect the Jast three terms and write 
(7, 4) ve dV = 4 an*B? log = = a7? log es 
From (7, 3) and (7, 4), we get 
E = a7? log (;’) + a7? log (=) 
(7,5) ae, E = an? log (>) 
giving a finite value for the energy. 


8. Calculation of the angular momentum. 
Corresponding to (6, 1) we write 


(8,1) M=/ Mav+/S a, av. 
M=/& x Bx By av 
ES ae >S b)- BC B)} av 


lo 
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eee ee 
M, ae 7 {p (D.Bp a B.Dp)} av ; 


My, = 0 | 
From the fact of axial symmetry, or observing that the integrand in Mp 
changes sign when z is replaced by — z, we have Mp = 0 and M =M,,. 


Hence 
[M,; dV = f p (D;Bp — B,Dp) dV 


= mv p V7 
An? y VP +72 ft 
using (4, 3) and (4, 8) 


: Pie searches 

_ Pv if (a + 7 cos ¢)? rdrd¢ rdrd¢ 

as rV/r2 — WP tre 

= (2 aa oe ay" 

fe i 
a@dy ® (eee vrdr 
= (aa v2 VP + ry? 
nt yur? dr 

we Soa Ta ia oe f VP + 7,2 dr— 5 ) Vere 


STE ease 9 nV (2 Pas 
+ 7% dr + 9 (2a ° fate 








9 9 2 dx 
— Us Timea ee 2a2 — 7," os 
= 9 ee V1 + x ax 4 ) ( 1 if V1 a 42 


ties 142) log (x + VI + 3) 


2 ) BY yy JP + 12 
WOT.» £4 ae cs ) oe igen aera. 
5 (20 -- ©) tog i 1 re 4 


= va" log Z (+ fi+F ‘y+ pr ve te 





bo 
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: ee 
neglecting the term in 7; “ - = 2 
(3,2) f M;dV = 7?va? log ()) +7 
since y is assumed large compared with 7. 
On the classical theory. 
M, = / p (E, Hp — H, Ep) dV 


Using the exact expressions (5, 5)-(5, 6) we have 


anv & NVvz _ 
E,Hp — H,Ep = at = E(k) ie - a H(A) — inRp [K(z) 5 (a) 
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— {P24 wa + SL (KW) EW) } {- 2 P54 BH) 


lak aap (aR? 


nv 
+ op KA) 








2p 47 





= H(A) 


_ aT fe 1 2a a) \(¢=*E+, K-E) 


(24 x8] 


2 





ante es La fare le— 7 4 eg 
= Bre | (8p — opp BRB} + fo P" 4 eK —y 


(2p Tae P) ~ gp 2] 





anrv pk wee a} 
~ 472 oR? | P H ss 


(Seine (ae Be in {er — [K( yp} 





Before proceeding 
in the neighbourhood of the ring, 
(8, 3) for the angular-momentum, this being the exact expression, 
also be observed that (8, 3) shows directly th 
for, the expression 


i 


E(A)? 


anv Z 
EpH, — HE, = 7 { Kaye — BE } 


47? R2 


further with the approximations for E (k) and K () valid 
we might notice the very elegant form 


It might 
at Mp is an odd function of ¥ 


IS 
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is an even function of z, since only squares of E (k), K(k), k’ and R appear 
in it and further k, k’, y and R are all even functions of Z. Hence the expres- 
sion 


Z (EpH, — Hp.) is an odd function of Z. 
We now proceed with the approximation of (8, 8) by writing 


ee 4 ae 4 1 
L+ * (tog oe ) ai ig b’* (tog ae aes 3) 


to 

_— 
oa 

=z 
I 


and _—K (A) 


"2 
log : + a (tog & 1), and get 


Ee = fa flap 1 (oes) 


4) eo ee 1 
eu i + (108 5) 43 10e 5 — 39) 


and this does not depend on ¢; hence 


i) M,; dV = ie p (E.Hp — H.Ep) dV 


I| 


; 
abate (a (pe CEU — [RCE rar 


y 


Yr 


= av f (eer ~ us vdy 


2 


Substituting the series-expansions for E (hk), K (kh) and R= 2a and proceeding 
with the integration as in the case of the energy we take f = 8a. We neglect 
as before, the terms (r log 7) and (7? log 7) at the lower limit but retain the 
term in 7, in view of the form of expression (8, 2). This gives 
ay 
(3,4) f My dV = anv log (=) Se 
From (8, 2) and (8, 4) we get easily 
(8, 5) M = a’nv log (16a/7;) 
giving a fimite value for the angular-momentum as well. 
fA simpler way of deducing (8, 5) would have oe to es i . a 
in 2 both in (8, 2) and (8, 4) since in both cases 7? appears as an absolute 


term. | 
9. Magnetic moment. 


> e j P f 
‘he magnetic moment can be calculated from the expression (5, 2) for 
ae 


the classical vector-potential, v72., 


m= Eafe 1a 8) xw — 0} 


IY 
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For values of k <€ 1, 7.e., at great distance from the ring, ® 


7 3 
Ay == es Re{1 + Set 


7 fa. ae met i 
32 p bd 


3 
4 
See efit Oe 4+--} 


Hence the magnetic moment 


4pa 


Sra 





az nv _ a*ev _ aev 
9,1) “a= “do (pea 





10. Spin. 

We shall write the expressions for the energy, angular momentum and 
magnetic moment in Gaussian units since we have so far used only electro- 
static units (also c =1). This requires as remarked on p. 363, the replac- 
ing of e by 47 1.e., » by 47m. 


2 
(Loni art log (**") _ 4 og (=) rau Se i s(=*) 


Tntat | 
(10, 2) M = av log ()-f log (+*) —> 4ev log (~"*) 
(10,3) m = <2 = a = to ae “ 
Hence . — ea a= 5 and, 
putting EF = wc? we have EK = ft since c == 1, which gives 
(10, 4) Ke = - 


showing that if the particle represented by the ring-singularity be an electron 
the spin of the electron is not explained by our classical method of investigation. 


11. The mass of the proton. 


If we consider the ring- -singularity to represent the proton it can be 


shown that we can derive an estimate of the ting-radius which would give 
the right proton mass. 


Equating (10, 2) toh = h/27, we get 
h 16 
i 4e*v log (=*) 


“ 





8 Cf. Debye, ibid., p. 435. 
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where 7, is given from (4, 5), using Gaussian-units, as 
ae ——- e 
We ae Ss Af Sie 
1 rab aba 


Introducing now the radius 7, of the point charge of the field theory,” which 
is given by e = br,?, we have 


= 2 
‘ = /1—v " 


7a 
16a 1677a? 1 a’? il 
and —_ = —— . —————— = 16 ( ) —— 
Ys ro V1 — v2 aq Pate on leauge 
and (10, 2) gives 


h : ae 5) 
5 4e"v log | l6z () Tan =3} 


Introducing c, instead of taking c = 1, this can be written in the form 


hic 4u a? 1 
Qi) =" log | 167 CG) 7a} 


We can similarly write the expression for the energy (10, 1) in the form 
4e* aN 1 
11,2) E=— log. 16 ( ) es 
te) a e ™\y,) Vi-ve 
Let m,)—= mass of a point charge and My= mass of the ring, which we now 
assume to represent the mass of the proton. We havel® 
e 
(11,3) 1-236 = =m, 
Yo 


Putting E = Myc? in (11, 2) and making use of (11, 3) we get 


My _ BE of 26% " [+ (“)] 
lee m,  1-286e/r, 1-236a a08 a \f%o 


From the equations (11,1) and (11, 4) we can determine v/c and ro/a if we 
observe that the left-hand side of (11, 1) is the fine structure constant whose 
value we shall take as 137 and that the left-hand side of (11, 4) is the ratio 
of the masses of proton and electron which we shall take as 1840. Thus 





aca g (= (¢) | — 1840 from (11, 4), or 
1-236a a Rar Yo fom (LV). 
4y 169 (are) _ oc 
(11,5) “7 tog [ 2 F) I — 2274, and 


0 
40 167 ay — 137 
(11, 6) : log | te. 


9 Born and Infeld, Proc. Roy. Soc., A, 1934, 144, p. 439. 
10 [bid., p. 446, equation (8, vA 


e al 


Ring-Singularity in Born’s Unitary Theory—1 375 


We can solve the equations (il, 5) and (11, 6) for ve and 7o/a. | Denoting 
these by x and y, the above equations can be written in the form 


167 — 9974 
(11, 7) 4x log ar) Se 





167 
—— |} = 137 
(11, 8) 4y log (= ie =) 


The second equation can be written in the form (using only the nearest integers) 





pastas — = <4/y (e is the exponential) 
qeiafl = 42 
167 
11, 9) 4 = ——_ ety 
(1,9) A= 
Dividing (11, 8) by (11, 7), we have 
lor _ % 
Cae. eet = Ty 


Hence eliminating x between (11, 9) and (11, 10) 


YS ee dh lily 


8 
(11, 11) 450.50 (1 — vy?) = il e-17/y 


From this equation we can estimate how near the value of y is to unity. 


Putting 1 — y?= 4 (e9 an infinitesimal) the order of magnitude of eg is 
determined by 


€y (lL — et)? = a eC eg te-*8 or (hi v*/c?) ~ 68 ~ 10-29 


(11, 12) £.€., e9 ~ 27 of vle~ 1 


showing that y = v/e is very nearly equal to unity. From equation (11, 10) 
we can therefore write 


GRO Re a Ay Lea e 


This gives an estimate of the ring-radius adequate to explain the mass of the 
proton. 





11 Dr. Beth has kindly written to me about an attempt to determine the value of a 


for which the energy has a minimum. For this purpose, he takes account of some additional 
terms which I have omitted in (7,4) and in place of (7,5) he takes: 


4e2 1 +28 lom /a\? 

eee OE a eye 
. . * «* . . . . . . 0 

The minimising of E gives rise to a quintic equation which he has solved by a method of 

approximation, giving : 





16°40 1..¢ 
@=19:10 + 


a result which, as Prof. Born has pointed out to me in a letter, is of an impossible order of 
magnitude. 


dy? 
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72. Conclusion. 

I hope to return in a future paper to the treatment of the ring-singu- 
larity in the general case and deal with questions connected with the con- 
servation laws and self force and the equations of motion ir a constant 
external field. 


It gives me the greatest pleasure to thank Prof. Max Born for suggest- 
ing the problem, constantly guiding and advising me while here and corres- 
ponding with me from Cambridge. 


(2) 
RING - SINGULARITY IN BORN'S UNITARY THEORY - II 
weit Oma 


(Part A of this poper has been published in 
the Proc. Ind. Acad, Sei. A. 1937, 6, 129). 
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PART A 


Calculations with different action functions. 


1. Introduction. 

In an earlier paper, I have considered a ring- 
singularity on Born's unitary theory as representing 
an elementary particle - an electron or a proton, In 
either case it is possible to obtain finite values 
for the energy and angular momentum and this is cer- 
tainly due to the non-linear character of Born's 
electro-dynamics which solves at one stroke the knotty 
problem of cohesive forces on non-electromagnetic 
origin inherent in the old classical theories of struc- 
ture and inertial mass of the electron. But further 
results were of a purely negative character. If the 
model were taken to represent an electron, the ratio 
of magnetic moment to angular momentum was obtained as 

e/a and not e/M Showing that an explanation of the 
spin was not forthcoming. If the model were taken to 
represent a proton it was shown possible to derive an 
estimate of the ring-radius adequate to explain the 


high mass of the proton, but the ring was not in 
librium in this position (2) 


TP LS MO LP OP OO SO SS SE OD OP ae Ge Se me ae om Om Oe os we we we ce 


equi- 


(1) B.S, Madhava Rao, Pro.ind Acad. Sei, , ( 
. . . . . A) 1936 
4, 355, This paper will be referred to as E 
(2) See Is; foot-note on p.375, 
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Throughout this above investigation, I used a 
particular form of Born's electro-dynamics, viz., the 
earliest form of Born's field theory?” Infeld has 
shown rater * that it is possible to find an infinite 
number of action functions for the new field theory 
each of which gives simple algebraic relations between 

the Hy and p fields andeach leading to a finite 
energy for an electric particle. Still more recently” 
Hoffmann and Infeld have imposed a regularity condition 
restricting the choice of the action function and ob- 
tained special functions suitable for the eases of 
special and general relativity. 

I have attempted in this paper to carry through 
my previous investigation on the ring-singularity 
using, first, the Hoffmann-Infeld action function, and 
next the one-parameter group of action functions given 
by Infeld. In these cases the authors restrict them- 
Selves to the case where the invariant G - (BE) 


does not appear, It may, therefore, appear that this 


(3) Born and Infeld; Pro.Ryy.Soc., A,1934,144,p,439, 
(4) Infelds Proc. Camb, Fhil, Soc, 51936, 32,127;33, 70. 


(5) Hoffmann and Infeld; Phys,R 9975 
referred to ag Te. Ot 1987551, DP. 765 - 
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action-funetion is suitable only for the electro- 
static case where B a eke But in my treat- 
ment of the ring-singularity I have used the field 
theory solutions only in the zero-approximation ‘© | 
and in this case the conditions (BE) = 0 and 
(DR) =.0 are Satisfied though B and A do not 
vanish. 
2. Field eauations and boundary conditions 
The fieldequations for axial symmetry and sta- 
tionery state can be taken over See eey from I in 
the form 


2(PDo) (Pz) 
He et pve : ) meal a = 73 


OP. 
de Of f oz (2,1) 
PB) 2B) 9 os ere aro 
mee PY : foo 
The Lagrangian is, however, given by 
L = H+R 
and the Hamiltonian, for the Hoffmann-Infeld case 
which we will consider first, by 
H = £ log (+P) (2,2) 
the invariants F (eB? mn) Bee wok: (BH -DE) 
Omi (nee 


(7) See Il = footnote on p. 768, 








ve oe a Ft ; 
p . = e° <a a 


eee oth a as ee sees 
PRE Mh. fe AE! wandwenes oasde 
yr BUF, WFD Fara ate Yo 08 
PIGS- Che 887 at vine eceltnlor yveais 
- a best rEitoD ede 4855 #7) Ot for 
ee: th oe ced one Wie 


: 4 sa ah oan [ ae - ‘itene 
- Ged Hire. apotreon bie} a. . 
saa 
oxy a 


with eliokeanghhrat? eat 
mae % yaw eaRt oi he orege yeetol? 
i a rant ' aot ate 
eA 
pte ae 


a> - 
Sa ee, sl uty 


¢ f 


» 
























Wl nivly 18) wad .SE ee letecgel 6 


‘Teehnel > adS So. .eeres oak, ef. ann 
ant eo, >* m by r ct in” hoy 
Vu 7% x, ' Tt Lice! © éA% 6 e 

| 


; ‘ j : ; Cia bss Otte 
falc tpt ele ee 


2 ed een pe oe 
: tin Pier i sets Gy 
7 Ch i ee ge Pies ot vi 


AS oe cis = 





26 


being given by the relations 
pear ps amo, (-P/p)" 1+P (2,3) 


The boundary conditions at the singularity are given 
again, as in I by 


Jv, ds=7 JB, 4s <6 


(2,4) 
Jujds =-r» , feds =o 


3. 8 i i h as ro-a ° 
Taking ff: the equations (2,1) can be shown, in 
consonance with the boundary conditions (2,4), to be 


Satisfied by 


bene 
Po oom +7 
Pee 
and, 5 \ 
F \iayew edi Dowel inetde 
y ‘ j ‘ (3,2) 
Hp Das Hy = ~ADp 
where A 


= V. Also the above two sets of equations 


give( BE) = 0, (DH) <0, showing that we are justi- 
fied in using the several action-functions mentioned 
in the introduction, 


From (3,1) and (3,2) we ean easily express £ Be 
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in terms of De and J),. Introducing the absolute 


field-constant a we can write 


—7¥2 —4) 
h- LUylog (1 + D-H ) and use the relations 
2 be 7? 


th OF ay nen 
E=—)}3 B= —- (3,3) 
aD’ OH" 
fhat relations (3,3) also hold good in the several 


forms of the action functions given by Infeld can be 
4£en 
easily/from the relations 


T= L+H 
kL 
bo ae wT fos, 


We can therefore obtain 


Ee oe : Dp 
Bp 1+ (43) 
9H D 
Sea z 


it a (> Dy) 
or, introducing the values of J. and J, from (3,1) 
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(3,1), (3,4) = (3,6) constitute the field theory 
solutions in the case of Zero-approximation. 

4, Calculation of the energy. 
We adopt here the same procedure outlined in I, 
for the calculation of energy and angular momentum 
and hence there is no need to alter the contributions 
to these two quantities arising from the classical 


part. The energy-momentum tensor is given by ‘©? 


Omens ae *1 | 
Tharp The (by +f ay (41) 
This gives 
Tt ft T+ (Pe) «(FB (4,2) 


The action function of Hoffmann and Infel@ 
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(9) Ibid, p.768, equation (1,20) ~ There is an obvious 
misprint here; should be 
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24 
(4,3) 


Ts € - tog € -| 
with ¢€ (- F/p)'* so that, using (2,3) we can 


write (introducing (- ) 


T/y2 aes + loa (1+P)-1, 


Prom (3,1) and (3,5) ; 
- + (BLA) = ZL, and T reduces t 


- 5 
u 
‘ + Se ee. 
T= 6 bg pipes a ate ad 
From (3,1) and (3,4) 
z Z (4,5) - 
(De). t ae 
and from (3,5) and (3,6) 
(4,6) 
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. be . 
= Lara f stg (1+ 5) dx + = any Log (1+ 2°) 
; pavtling Fa 7% 
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In the field theory expressions we assume that * is 
large compared with 7, i.e., that x - t/ 7, is large 
and hence the expression within brackets in the first 
term of (4,7) is of the order unity, as can be scen 
from the fact that 


Lt heist) . Lt SGN ohhy ee 
. =) 


X 490 Popo +f Sea very 


Further  ¢an be neglected since we assume that the 
velocity U is very nearly equal to the velocity of 
light, here taken equal to unity. We can therefore 
retain only the second term, wherein we can replace 
(l+x) by x", f by 2) end finally obtain 

- u 

E pe pda (fs, ) (4,8) 
From equation (7,4), p.369 of I 

Ey = ay tog (ga/r) (49) 


Comining (4,8) and (4,9) we get for the total energy 
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Es & tEy = an log (84/+, ) (4, /0) 


again a finite value of exactly the same form as in I 


but only differing from it in having @q in place of /6Q. 
5, Cale n of the an ar-mo . 


Confining ourselves as above to the field-theory part 


of the angular momentum, we can write 
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6. ¢ ' ion-functions. 
The several types of action-functions proposed by 


Infeld are included under the one-parameter group 


ic. + +(t-¥) deg ¢ ~ (i+) +e (6,1) 


Y being the parameter. The relation connecting 
Fand P is given by using Te = -P, oF eT = Fig 


1-¥ 


tea eae (6,2) 


obs 


Solving (6,2) as a quadratic in (//e) we get 

2fe = (i-r) + M48) + & P 
The choice of the sign can be made by going to the 
limiting case of weak fields i.e. P-yo, in this case 


eq 72, or =27. de Cy 1, oF -1/y 


according as the + oy - Sign is taken; but in 
this case of limiting wesk fields E ~y I and ¥ —y¥2= 


We therefore take the positive Sign of the quare root 
and get 


*/e = (I-r) + Mien agp fe) 


The Hamiltonian {| is given by 


Hee + (T-R) (¢ 4) 
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T is a function of € and Re -€P. . Further 
from (6,3) ¢ is a function of P so that we can 
get H as a function of P only. 


From (3,3), 
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Bee wets (6, 6) 
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similar expressions could be obtained from (3,2) for 
Bp, B, and Hp , Hy. The Po component of the energy 

impulse tensor is given by (4,2) and can be expressed 

in terms of + using ( 6.34 ) and the above expre- 


ssions given by the field theory solutions. 
Ty's b{t+(BE) + (FH 

- 1} T+ED eae BY 

Ef reper 


“ Lit + (I-r) log € +7 -(i+r) + de (6,7) 


it] 


if} 


Where € is given as a function of + from ( é-3aQ° 3" 
We can proceed to calculate the field theory part of 
the energy as before. The calculations area bit 
tedious and the finsl result, after the necessary 
approximations of (+/%) being large, x yo, fp v2 


is for the case v ZO ; given by 


Ey = apy {lent (6,9) 


leading to the total energy 


ght ay! ly § oa (6,9) 


again giving a finite value, 
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of the Hoffmann-Infeld action function as particular 
cases given by Y=/ and r=0 It is practically 
certain that the calculations with the angular - 


momentum also lead to the same results as in I. 


7. Conclusion. 
From the expressions for energy and angular-momentum 
derived above it is clear that all the consid erations 
of our previous investigation are exactly reproduced. 
The main purpose of this was to test out the possibi- 
lity of explaining spin classically as suggested by 
Kramers. In trying to interpret the restlits of 
Kramers on the basis of the unitary field theory Born 
used the point singularity model, and although it 
was possible to construct a formal theory there arose 
contradictions which suggested that point-singulari- 
ties may not be the correct representations of the 
elementary particles. The result of the work on 
the ring-singularity shows that this too does not 
give a correet representation, The alternative 


Suggests itself that one had better try other types 


of Singularities, but the complications that would 


be inherent in assuming such higher Singularities 


and the consequent Mathematical difficulties almost 
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force us to the conclusion that it is perhaps better 
to go back to the point singularity and examine its 
possibilities?” more thoroughly than has been done 


so far. 








(10) Prof. Born has kindly informed me by letter 
that he has examined this question carefully 
in the course of his lectures to the Henri 
Poincare Institute, Paris ( to be shortly published) 
and come to the conclusion that point~singula- 
rities alone constitute the correct representa- 


tion, 


P. T.0. 










e - a wer PwAL stn a awlanedits ek aT. 
t at 

a aoeaas Rta (Whaarast etosntot 
 pivbentbroe- one o4: “eave ee. 


- i - 
” 


’ 
a eT aaly enatiiren esede uentie ae 
Soe ah il oe » oaks Cae > 








PART B. 


3 in the gener Se. 
1. Introduction. 

In the two previous papers we have assumed the singu- 
lar line to be af circle, and that the current and 
charge are uniformly distributed on it. Also the 
investigation wes carried out with the aid of cylin- 
drical coordinates because of the assumptions made. 
We shall give up these assumptions in this paper and 
take the singular line to be any arbitrary closed 
curve with arbitrary distribution of current and den- 
sity on it. Without considering the question of 
the equations of motion in an external field, we 
Shall confine ourselves to the chief question of "self- 
force;" and show that this vanishes in a point of the 
line-singularity in virtue of the minimum principle. 
it is in this very important respect that Born's 
theory differs from the old Maxwell-Lorentz theory 
wherein the question of self-foree is connected with 
the difficult question of structure of the electron. 
We shall also derive the conservation laws with zero 
on their right hand sides. The method adopted will 
be that given by Born in his two papers™ on the 
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unitary theory of field and matter. 
2. Variation principle and field 
equasions. 


The Lagranghan of the field will be denoted by L (F4) 
and we will not assume any specisl form of L as done 
in the previous investigations. To this Lagrangian 
of the field we add & Lagrangian of the singularity 
which we suppose to have the form L($,)6 where 

6 isa symbolic function of the type introduced 
by Dirac, We assume that $(x,yz)-0 at every point 
except points on the singular line whese equation can 


be taken as 


t= %O(9); ¥:¥, (5); %24(38) (2,y) 


S being the are length measured on the line from a 


fixed point 0 on it. Ste infinite at (%:%,,%) 
in such a way that 
: fs do =| (2,2) 
7”) 


where AT ifs a surface 
: element normal to ds 
Since the absolute value of the potential in the 
singularity has a definite meaning, the introduction 


of $. in l is permissible. The variation prinei- 
ple 
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governing field and matter is 


{ues ¢ (4,)8 } dvdt = Exkemum (2, 3) 


where the volume element dv can he taken dv-deds; 
we define the second kind of field components in 
the usual way by 

pit OL (2,4) 
and further put 


k 244 (2,5) 
7-5 2b, 
As the on are connected with the petentisle 7 by 
Uh, BH, 
Sanh aah ; 
one has the identities 


ks aoa ov Fue Stn ea ae 
It ; aa ae aa 





which in the space-vector notation becomes 
thE + Ben. 
dur B' = 0 (2, 6) 


The Bulerfan equations of the variation principle 


Int oe (2,7) 
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or, in the space-vector notation with 


(9, 7,77. 2°) —s (7%, 7) 
rth =p 7v5 


2, 8) 
dis = 95 \ 


Here ? and cr are functions of S and ¢, and not 
consfants as in the previous investigations. From (2,5) 
it is easy to see that 7 denotes the linear charge 
density. If i be the space density we have the 
total charge @ given by 


: | Pav : [{pasas 


also, if e = fy ds comparing these forms 
> 
and using (2,2) we can write fe 76) showing 


in virtue of dimensions that % is a linear density. 


3. Equation of continuity. 


From (2,7) it follows, on account of the antisymmetry 
of the tensor es 


O9*p 
a = @ (3, ') 


This becomes in spece-vector notation 


ae + hin (8) « 
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Integrating this over space with the volume element 


du =A ods 
[UP «ain GO} Aeds = 0, 


ie [22s {ain (7¥8)deds -0; Also, diss (705) « 9.(788) = (p08) 
since YY has the direction of the tangent to the 


singular line. 
Hence J fin (7V')drds - fas? (9 » fs Ao 


since & ig in dependent of S$. Thus we have 


fee + (70) dS aQ., 


and this independently of any dependence of ? and Vv 


on S. Hence 


9 9 
= + — (9) me (3,2) 


which ts theejuation of continuity. 


4. Boundary conditigns sat the Singularity. 
Consider an infinitesimal torus Surface surrounding 
the singular line the cross-section of this surface 


being a curve C( Soo tig): Let Al be @ line-element 


of curve C, so that a surface element of this torus- 
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surface can be taken asds.dl. dois, as before, the 
area of cross-section normal to ds. The equations 
(2,6), (2,8) are equivalent to the postulate, that the 
corresponding homogeneous equations 
ri H-D-0; TRAE CRS 

durp = 0; di B = 0 (451) 
hold at any xima point except at points on the singu- 
lar line where certain boundary conditions have te be 
fulfilled. These are found by integrating the digfe- 
rential equations (2,6), (2,2) over the small torus- 


surface. Integrating 
div D = 78 


over the volume of the torus-surface 


[fair Bares - [[ysdeas - [pas = @ (4,2) 


and the left-hand side ean be transformed to the 
surface-integral Jf, ASdk. 


Hence comparing with (4,2) 
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[[rt Paces - [yveacas, since 
it is the eseence of the vnitery theory that 
[Pav = 0 
The right-hand side gives 
Jnv'as, and the left-hande iseqnal to 
Jf eW) asae 
o 
where % ig the normal to the surface element. Hence 
Jlrs H) de « yr 
0 
Similarly J (a xB) dl = 0 
0 


(4,3) - (4,4) are the boundary conditions at the 


(4, 4) 


singularity expressed as line-integrals around the 
Singular line, 

5. Differential conservation laws. 
The energy-impulse tensor is given, in the usual 


way, by 


( bon idy 
, ifs 5 Lb, - p Ne (SY 
and the differential conservation-laws by 
ote f m 
 Oyt -. Tkm © 5 5,2) 


writing out (5,2) in the spece-veetor notation 
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Integrating (5,3) over the small torus-surface 
surrounding the singular line, we get, (using [Sac = | ); 


JJ (®weyasae Jie +(PXBI AS 
te (54) 
fe myasue. fre. €,) 


the sevaaie dh O denoting values at any point of the 
singular line. 


The right tand sides of (5,4) are the expressions for 
the "self-force" exoressed as Line-integrals extended 
over the singular-line. ,@ will now proceed to show 
that these expressions vanish in virtue of the varia- 
tion principle for varying motions of the singularity. 
6. ee boundary cones tions 8 at the 
Singularity. 
A ett ia of the motion of the Singularity consists 


in the variation of BH (S, 2 the components of - 


being ( (5), ¥,¢), ¥ (s) ) , the vartation being however 


independent of S$. W@ Can assume that 1 has the form 
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sinee this gives the same field-equations (2,6),(2,8). 
Here dF are to be considered as functions of 7, (5) 
whereas = 7,(5,t) . In view of the fact that the 
potentials ¢ Wf are functions having singular points 
at % (s), the variation will have to be carried out 
in the elaborate way incicated by Born in the two papers 
mentioned above. As done therein we introduce instead 
of xX, yxt the parameters Raeny. T, and 


write the variation principle as 


Jacfagaydy fi, (K¢) TER | = Oohemum (4 2) 
with the subsidiary condition 


,2 


to - 3, =p SM (6, 3) 


The variation principle (6,2) is the well-known 
principle giving Lorentz-equations of motions, and can 


be treated in exactly the same way. We take account 





of the subsidiary condition (6,3) by a Lagrangian 
multiplier M, and get 


IJasapay (22K) <0 


[ff asapay ( Seb -t) +0 (6,4) 
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where eS = 
Kah ® + kteaee) (6,5) 
K P FE ee E’) 


Going to the limiting process of contracting the 
current to a world line of any point of the singular 
line and also taking Meo, - in consonance with the 
idess of the unitary theory, we get i —r 8) 


JJfaoye hes (ox8)] 


[fins (Be) = 0 
ae Sk + (0xB)} ds = 0 


~[7(0E) ds sell (6,6) 


which show that the"self-force" vanishes, The left- 
hand sides of (6,6) are exactly the same as the 
right-hend sides of (5,4), 
We can now replace (5,3) by the equations 
S/d + tine oe ie te 
WAL + din Ss 0 (6,7) 
which hold for all fields satisfying 
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Let us now define the total energy and momentum by 


E » | oan ; Ve - | Sav (6,9) 


Integrating (6,7) over the whole of space excluding 


the singular line by a small torus surface, we get 


G+ [(XR)ddas =.0 
ihe ( (6, 10) 
¢ sf (S.m)dtds <0 iy 


Since, in consequence of (6,8), the integrals over 
the infinitesimal torus-surface vanish. (6,10) is 
standard form of the conservation laws with Zero on 


the right-hand sides. 


7. Nature of the singular line. 


We now proceed to show that the condition of the 
vanishing of the self-force leads to the conclusion 
that the density and current density are independent 
of S$) and that the singulor line is a circle. 
Equating to Zero the components of the self-foree 


along the tangent, principal normal ang binormal 
(S, P, b directions) 
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Of these, we consider the equations 


[78s 4 a 
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along with | [ ” obs ane 


Introducing the parameter u- (an/yz)$, where Z% = pera- 
meter of the curve, we can take the Pourier-expansion 


of Ea as 
Eng = tS os ku +2 Py Sinku (7,2) 
From the first of the conditions (7,1) we have 


feayrdu + 2% [Ptokudu + D> Py | PSenKkudu = 0, (73) 


Here all the «'s f'Sare entirely arbitrary, but the 
third condition of (7,1) shows that in order that 
(7,3) may hold 

X, = 0 


nd , ] Peak da =0, [7 Sin Ku du < 0, ( For all kK) 


[rau 0, (7,4) 
Thus all the trigonometric moments ore zero, with 


however (7,4)3} hence " is a constant independent 


ef S$ In an exactly similer manner the second 
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condition of (7,1) shows that 7” is a constant. 
Therefore UV is a constant and the singular line 


a circle. Also from the equation of continuity 
a2 + (9¥) 20, 
% 8690S 


we get %) =O, ive. 7 is also independent of . 
at 


8. Conclusion. 


It would be possible, next, to consider the equations 
of motion of the ring-singularity in an external 
field which is "constant" over the diameter of the 
ring, just as is done in the papers of Born for the 
point singularity. But in view of the negative re- 
sults we have obtcined in the Stationary case with 
the cireular ring model, it does not seem profitable 
to carry out this investigation any further. Rnough 
work has been done to bring out the fundamental 
principles of the Classical part of Born's theory 
aS applied to the ring-singularity. 























om wep at Eater atm Sa pt a, sais 
_ a" add ta jars anon Dak © srotenady 
+ wiesteane tr! Aptis os, bug mon’ onl, wefarks o 


7 im tees e = | : . +. 
~ 5 ba ni 


— 


# oct <n «Be! ‘ ae4 aw 
| 
Sores Os 
0s enka «6S 


‘s S28 peor Screen ad Dude 41 
bets Lugerte nots wif Se \gotsea Yo 
bP metomn th rif mv ” Shageete” #& dottw f15t4 

% marti a“ ened ox aul Wb wool @f an ger’, .nelt 


Me oi 
= 7 eat To wetv cr feo) owt beetimets-getoy 
— + So : 
of mee yaenoitets ace M2 feet Ide aad ow aytus 
stile or ined tae iaeb- Ft ylwboe sate 4 Lb5tIo ade 


a wore ees ee ce isenvert zla7 pe yao of 
ie ~~ et et.0 oti" { 6) ogred re 6d nat sf done 


utter 6 foe oy Som leointieta pat ‘*e seLonigg 


y 
Wehr le dis-juiy oho wf hefiour af 








“oN THE FINE - - | STRUCTURE OF BALMER LIVES. 


a 





50 


Reprinted from “The Proceedings of the Indian Academy of Sciences”, 
Vol. V, No. 1, Sec. A, 1937. : 


ON THE FINE STRUCTURE OF THE BALMER LINES. 


BY B. S. MADHAVA Rao. 
(University of Mysore) 
(From the Department of Physics, Indian Institute of Science, Bangalore.) 


Received January 12, 1937. 


7. Introduction. 


SOME recent experiments! on the fine structure of the Balmer lines of 
Hydrogen have shown a disagreement between calculated and observed 
term values. Other experiments? reach the opposite conclusion that no 
such disagreement exists. Houston and Hsieh state that the order of the 
magnitude of the effect observed by them is a times the fine-structure 
separation (a = fine-structure constant), and that the theory of fine struc- 
ture requires modification. They have further made the suggestion (pointed 
out by Bohr and Oppenheimer) that the discrepancy might perhaps be 
corrected by taking into account the interaction between the electron and 
the radiation field due to the transitions between several fine-structure levels. 


Several attempts have been made to sharpen the theory of the fine 
structure so as to enable an explanation of this discrepancy. Heller and 
Motz? have attempted to replace the Coulomb potential of the nuclear field 
by the potential of a static field given by the new field theory of Born and 
Infeld.t Treating the difference between the Born and Coulomb potentials 
as a perturbation, they calculate the term shifts in the one electron Schrodinger 
problem and conclude that the corrections obtained, although in the right 
direction, are much too small to explain the observed discrepancy. They 
further state that a rigorous treatment with the Dirac eigenfunctions does 
not materially alter the situation. Another attempt using the Born poten- 
tial has been made by Meixner.® In place of the Schrédinger wave equation 
employed by Heller and Motz, he uses the Pauli equation which takes 
account of spin and also the relativistic correction. Treating ¢, — ¢c as a 





1 W. V. Houston and Y. M. Hsieh, Phys. Rev., 1934, 45, 263. 
R. C. Williams and R. C. Gibbs, ibid., p. 475. 
2 F. H. Spedding, C. D. Shane and N.S. Grace, Phys. Rev., 1935, 47, 38. 
3, Heller and L. Motz, Phys. Rev., 1934, 46, 202. 
4M. Born and L. Infeld, Proc. Roy. Soc., 1934, A144, 425. 
5 J. Meixner, Ann. der Phys., 1935, [5] 23, 3/1. 
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perturbation the result is obtained that the spin and relativity corrections 
are half as large as those obtained from Schrédinger’s theory. Nevertheless, 
the total correction is shown to be negligible if one uses for the electron the 
radius of Born’s field theory. If, instead of this radius, the radius as modi- 
fied by Born and Schrédinger® be used the result, as shown by Meixner, 
is that nearly 30% of the discrepancy can be explained. 


I have attempted in this paper to estimate the order of magnitude of the 
corrections obtained by taking into account the interaction of the electron 
with its own radiation field. For this purpose, I have used Born’s field theory 
since by its unitary nature this theory can be expected to take care of this 
interaction automatically. This has been made possible by the two recent 
papers of Born? on the unitary theory of field and matter wherein the effect 
of an external field is taken into consideration provided that the external 
field be subject to the restriction that it be constant over the “‘ diameter ’’ 
of the electron. If we observe that the radius of the electron is of the order 
of 10-3 cm. and the radius of the H-atom 10-8 cm., it is evident that the 
external field of the nucleus satisfies the restriction stated abeve. 


The method of procedure I adopt is to calculate the energy of the 
electromagnetic field wherein the electron is a singularity and is acted upon 
by the “constant ’’ nuclear field, following the steps indicated in the above 
two papers of Born. The energy is obtained as the sum of two terms Wo 
and AW, the former being the energy unperturbed by the external field 
and AW the perturbation energy. I next employ this perturbation term 
in the wave equation and estimate the correction in the several spectral 
terms. 


The result I have obtained is that, if we use the Born radius of the 
electron, the corrections due to the interaction of the electron and the 
radiation field are negligible.’ If, on the other hand, we use the Born- 
Schrédinger radius the corrections obtained explain one or two per cent. of 
the discrepancy. The notion of the Born-Schrédinger radius is sco 
however, to great theoretical difficulties. For one thing it would spoil the 





®° M. Born and E. Schrédinger, Nature, LSS is ono42 
™M. Born, Proc. Ind. Acad. Sci., 1936, 3, No. 1, 8; and ibid., 3, 2. 85 


” In a recent paper, Meixner (Ann. der Phys., 1936, [5] 27, 389) has treated th 
ee by using the methods of Weisskopf and Wigner in Diver's 
ea. nd has come to the same conclusion as mine. It is quite natural that 

y quantum treatment does not involve any question of radius of the electron 


This paper deals comprehensively possible theoretical aspects of tl 
o he 


question with the several 
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beautiful coincidences in the phenomenon of scattering of light by light® on 
Born’s classical field theory and Dirac’s purely quantum hole theory, It 
would also contradict the value!® ze*/mc* (experimentally confirmed) of the 
cross-section for the scattering by electrons of light of long wave-length. If 
we, therefore, lay aside the Born-Schrédinger radius as untenable, we can 
conclude that the interaction of the electron and radiation field does not 
materially effect the energy levels. It is remarkable that this investigation 
and Meixner’s totally different method should lead to identical conclusions. 


2. Energy of Electron in Constant External Field. 


We assume the field of the nucleus constant over the diameter of the 
electron and determine the energy of the latter following the method of 
Born in the two papers mentioned above. (See reference [7].) 


The total field is written 


> > > > = >] 
Be eB ea (1) 
> > > > > Fal 

and =D+D; H=H +H!) 


where the e- and 7-fields denote the external field and field due to the 


> > >. > 
electron itself. At infinity the fields E’, B’, D’ and H?’ all tend to zero. 
The energy is calculated from 


w= {Ud (2) 


where U is the energy-density given by 


ie N 1 4eDe Be eeu (3) 
> > > > 
and S= (Dx B) =(E x #). 


> 
We treat the e-fields as constants and also omit terms like Dé? within the 
square root expression. This last is permissible since we can confine our- 
selves, so far as the range of integration 1s concerned, to a small neighbour- 
hood of the singularity wherein almost all the energy is concentrated a 
wherein the e-fields are negligible compared to the i-fields. In the purely 


b? © D2 
ee ) 4 


9 See for e.g., L. Euler, Ann. der Phys., 1936, 26, 398. Also M. Born, Proc. Ind. 


1. Sci., 1935, 2, No. 6, 533. 
Bee See M. Born, Naturw., 1932, 20, 269; also, Nature, 1935, 136, 952, 
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introducing the absolute field b and the conventional units. We assume 


ad 
the field Dé constant both in magnitude and direction and take the latter 
as the x-direction with the origin taken at the singularity. Thus we can 
take 


ae 
* Déas (D* = D,, 0, 0) 
and Di as Ga a) a =) 


V2) Veh ey 


a > >. 
and put D = D¢ + D? in (4). This gives 


An a if (/i+% ia = _ 1) 2nr°dr sin 6d0 
@ being the angle between Di and the x-direction. 


a fi Wis tg 3 a a a ) 2nr*dr sin 6d0 
a ( ; | 4. 2DeDi cos 0/0778 wr 
dtr +5 e te we = 1) 2rrdr sin 6d é. 


Expanding the square root with the aid of the Binomial theorem up to the 
second power of Dé we find in virtue of 





or, W 














7 
J cos @ sin 6d0 = 0, that 





Cott 
be D?D® cos? 6/b4 
Mie Weceatk ee oe Be. 
a (+ Db! 2nr? sin Odrdé 
Nhe Deny PD? dr 
F 6b2 l 72 |ho\ 2 
yy (+D"/b): 
= Wy, — De*r¢! a dr 
6 yr’ ays (5) 
é (74+ 794)? 


where WwW, = 
ae Sf (i+ ee = ow) 2mrdy sin 6d0 


se / é : 
Born-radius™ of the eae The integral in ‘eo Ce ee 


can be easily integrated 


————— 


“* See reference [4], p. 439, 


ee 
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by putting y = 79x and is equal to 


co 
1 i[ eee 
Y -4\ 3 
0 ; (1+x4)3 


co 
eee aa) 





1 
where f(0) — f(x) =4F ee 2 arc tan x) and F (Rk, 2 are tan x) is the 


Jacobian elliptic integral of the first kind for k = 53 ; 


Hence (5) reduces to 
ID v 3 
W = Wy — De F(0). (6) 
Expression (6) shows how, on the present theory, the energy is modified 
when the effect of the external field is taken into consideration. We now 


put in (6), 








a A: 
Lr ea (7) 
the y being now referred to the nucleus as origin and obtain 
' ; Lee ts (0) A 
W = W, —- roa "7 = Wa y (8) 


We now proceed to use the second term on the right hand-side of (8) as 
a perturbation and obtain the modification in the fine structure. 


3. Theory of Fine Structure. 

The present position of the theory of fine structure is that the correct 
explanation is afforded by Dirac’s theory of the electron which gives results 
in accord with Sommerfeld’s formula derived on the basis of the old quan- 
tum theory. The approximate two-matrix method of Pauli also gives 
correct results and is equivalent to the original Schrédinger-Gordon-Klein 
wave equation with the proper correction for spin. We can write the 
complete wave equation where the relativistic variation of mass and the 
taken into consideration in the form’ 

2 
Ad ae Li (Wo +. ae 7 Veet. a oe) ip = 0 (9) 
ean be treated as perturbation terms and are of the form 


spin are 


where Wee and Vern 


_ 12 See foe e.g., O. Halpern u, H, Thirring, Erg, Exqkt, Naturw,, Bd. 8, S, 423, 
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T : ! : 10 
Vr. ~ p and Vepin ~ a (10) 


A treatment of equation (9) by using perturbation methods oe to 
finding the averages 1/7? and 1//*with respect to the radial wave functions 
of the unperturbed Schrédinger wave equation and gives the same result 
as obtained by Pauli’s equation’ 


i I og SEP ep) ee ee A 

iW + ep + aay Ao Ime a ts ee 4m?c? 4m*c? 
yb = 

> 


where W = total energy, o = Pauli’s spin matrix, A =diograd, p 


! 
Is 

(11) 
3 
grad. 

We now take account of a further perturbation due to our equation (8), 
wherein the W, is really to be taken equal to the expression within brackets 
in the left-hand side of (9), and introduce it in (9). The modified wave 
equation can be written as 

Sz? - Ze" : 
A ip af i (Wo aie ge Ca Vel: eh Weetk a Vaeua) = 0 (12) 


where Vee ~ S is the perturbation term in (8) and can be taken to denote 
the interaction of electron and field. 

Hence if AW be the energy correction we have 

AW =—AIl/r (13) 
where the mean value is taken with respect to the radial Schrédinger func- 
tion of the unperturbed equation. 

Before proceeding to estimate the magnitude of the correction as shown 
by (13) it is necessary to remove a difficulty connected with I/r* for the 
s-terms (1.e., 1 = 0). A reference to Bethe’s article p. 286 shows that this 
is equal to co, but we can get over the difficulty if we observe that for 
s-terms we are concerned with values of » nearly equal to zero and for such 
values we cannot neglect ed = Ze®/r as compared with the rest-energy 


Ey, = mec*, This is the approximation made in deriving (11) from Dirac’s 
exact wave equation. We have therefore to replace! 


- = i Re: iy by fi cn Rae 
? a r° (1+ ez/mc*r)? 


peqebea (note 2Imict 
s (r+ pae where py = e/mc?, z = 1] (14) 
and R =R,, is the radial Schrédinger function. 





*8 See Bethe, Handb. d. Phys, s. Auf., Bd. 24/1, p. 305. 
14 See Bethe, ibid., footnote on p. 307. 
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Further in integrating (14) we can take the limits as 0 and po themselves 
and use for R,,; in this region the value 


1 7 2 
Rae (n +2) (@ 2z 
 QI+1)! Vash —b—=I)l an lee (15) 


An elementary calculation obtained by putting (15) in (14) and integrating 
between the limits 0 and py shows that for s-terms no mistake would be 
committed as regards order of magnitude if 1/r4 were to be put equal to unity 
multiplied by Z4/a,). 

As regards higher terms like p- and d-terms the values of the numerical 
factors of I/rt for 1 = 1, 2, etc., are small fractions which have all been 
calculated in Bethe’s tables referred to above. Hence we can take the order 
of magnitude of the energy correction due to the interaction of the radiation 
and the electron as 


AW ~ AZA/aut ~ Z8e?7,3f(0) /12au4. (16) 
With Z = 1, the correction in the wave number is given by 


Avu  @re f(0) _ _ are f(0) 


-1 
pe NDiC ut ln x (ae (17) 





where a is the fine-structure constant given by a =7:28 x 107%. 
Putting in (17),°% = 2-28 x 10-* 





and @, = an = 0-582 x 10-® cm. 
me 
f(0) = 1:8, 


we obtain 
Avy 


c 


Aes LOm Cites 


If we observe that the discrepancy actually observed is of the order 
10-3 cm.-! it will be seen that the correction obtained is negligible. 

If, however, the Born-Schrédinger radius be substituted in (17) we have, 
since this radius is nearly equal to 14 7%, 


Ss 


pe DESC) mor Cilia 





about two per cent. of the discrepancy is explained. We might 


1.e., only 
conclude that the corrections obtained are negligible. 


therefore 
4. Conclusion. 
Max Born who suggested this problem to me in 


I wish to thank Prof. 
he method of procedure to be adopted. 


the winter of 1935 and also indicated t 


15 Bethe, ibid., p. 283. 
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7. Introduction. 


In their first paper! on the quantisation of the field equations of the new 
field theory, Born and Infeld showed that there are four possible stand- 
points for the choice of the action function needed to develop the field theory. 


These correspond to the four ways of choosing the primary field vectors 
> 3 FSO hl > 3 > 

(one electric and one magnetic) from among E, D, H, B, viz., E, B —D, 

— > > > > 

H —D, B —#, H. In each case there exists an action function from which 


the complementary pair can be derived by differentiation. In the first two 
> 3 
cases the action functions were respectively the Lagrangian IL, (B, E) and the 
> > 
Hamiltonian H (D, H) and Born and Infeld have shown in an earlier paper? 
that in both these cases the action functions can be explicitly put, using the 
antisymmetrical tensors f,; and pz, in an invariant form and similarly that 
the relations connecting primary and secondary vectors can be exhibited 
in a Lorentz-invariant form using tensor notation. 


> OS 
The other two methods of choice which correspond to U (D, B) the 
a Sra . . . 
energy-density and V (E, H) mean the splitting of the antisymmetrical 


tensors and hence the abandonment of the four dimensional tensor notation. 
It is however necessary for the relativistic invariance of the new field theory 


that the relations 








> OL mer oU 

E = eS Ey — a 

oD oB 

> OV tie ov 

and ee te 
dE oH 


should be Lorentz-invariant. We show in this paper that the above relations 


and consequently the field equations derived from U and V are invariant 


1 Born and Infeld, Proc. Roy. Soc., A, 1934, 147, 522. 
2 Proc. Roy. Soc., A, 1934, 144, 425. 
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against Lorentz-transformations although U and V themselves are not Lorentz- 
invariant. For this purpose we employ the (B)- and (C)-transformations of 
Einstein and Mayer’s semi-vector theory? and show that the first set of the 
above relations are invariant against the (B)- and the second set against the 
(C)-transformations. 
> = ~ -+ a _ oa — 

The conditions (B x H) +(D x E) =0, and (D x B) =(E x H) 
which are necessary for the relativistic invariance’ of the field theory are 
examined for invariance under the above transformations and it is shown 
that while the first condition is invariant only under the (B)-transformations 
the second is so under both. 

The several invariants are expressed in spinor notation and it is shown 
therefrom that U and V are not spinor invariants. 


2. U and V not Lorentz-invariant. 
, aa > 3 FS 
The Lagrangian L = I, (B* — E?, B-E) = I, (F, G) and the Hamiltonian 
> a 
H =H (D? — H?, D-H) = H((P, Q) 
are Lorentz-invariant since F, G, P and Q are tensor invariant but 
> 5S 
I, + (D-F) 
>> 
and V = L — (B-H) 


e 


’ ; ; > > > 5 
are not Lorentz-invariant since (D - E) and (B - H) are not so being merel 
ye 


space-invariants. 
3. U and V not spinor-invariant. 
We can also prove that U and V are not Lorentz-invariant by showing 


that they are not spinor invariants. Usi ; 
ts. si 
Uhlenbeck® let ng the notation of Laporte and 


GY = fl + f*# (using the Minkowski line element) 
be a self-dual antisymmetric tensor. We have 
eon ee 
: 23 = fos tfts, Ge fs fz) > B 


Gis =f a thos, oa (f an 
such that the relations 14 Jos, fos) > E 


Ag eS BA ee aa ci eae are satisfied. 





3 Einstein and Mayer, Berl. Ber., 1932, 522 
4 See Born and Infeld, Proc. Roy, Soc., A 1935, 150, 159 
5 Laporte and Uhlenbeck, Phys, Rev., 1931, 38 (11) 1380. 
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Denoting the “ Kenn-zahlen”’ of G¥ by ky, ky, ks we can write 
0 ks — he SI tky 


Coven | ee Rae a, 


ke Te ky 0 ens tRs 
tk, ik, tks 0 
from which we easily deduce Gy3= — k,=fo3— ify; Gy = —ky= 
far — tfoa; Girz= Pg = fio — tfas. 
We can associate with G* the two conjugate symmetric spinors g,, and g7* 
whose elements are given by 


ii = 2 (Re + thy) ; gin = 2 (Rg — thy) ; £is = 24, = — 2th, 
Su = 2 (he — ih); See = 2 (Fe + th); S12 = Sn = hs. 
We can form the two spinor-invariants 
Brs es and gy; g?*. 
Brs & = Bu 8 + Bie BY + Bar 8 + Boe 8 = 2 (811 Ben — 812") 
5 brs ee = (Re Fam ik,) (Ry te ik,) a (ik)? = Re + ke + Res 
ae (fos + tf)? + (fer + tfos)? ca (fie =F tfga)? 


=F + 2G. 
In exactly the same way, we have 
Bors ot = RP +h? + ke = F— WG 


which proves the invariance of F and G. 


= 
Next consider, H* = pe! =i pre pes, Pa Pr > =) 
Piss Poa Psy > D 
and associate the spinors /,, and 7s defined 
by 1,, Jz, 13. The invariants h,, h”* and h;,; h*s give exactly as above the 
two spinor-invariants 
4h, hs =P + 2Q 
4 h;, hes = P — 21Q 
which proves the invariance of P and Q. 
We can also consider the mixed invariants 
2,5 hs and g;; hs. 
We have 
&rs hes = 8 1" + 812 Wi? + go, h?? + &oe h? = 211 Nog + S22 hy — 2812 Ire 


ws = (Ry — ih) lp + tlh) + (Re + thi) (le— th) — 2(thy) (ils) 
ws = hy l, + Bale + &, ls = (fos — fu) (Pas — thu) + °°°" 
>> > 
B 


D + EH). 


1.€. ’ } rs 
/ 
Ss 


Gq Ge 


an rs 


= (BH EDs 
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In exactly the same way, we find 
4 gy, hi = hil, + hal, + hg ls 
3S >> 3S 
= (BH — ED) + i (BD + EH) 
mos Sig 37S >> 
which proves the invariance of (BH — ED); (BD + EH). 
+ > 33 de = Poe, 
We have so far proved that (B?— E?*), (BE); (H®? — D?), (HD); 


>> : 
(BH — ED) and (BD + EH) are spinor-invariants but these are also 
tensor invariants as evident from the following forms 


>> 
Be — Et = 4 fy f¥; (BE) = 1/4 fia f** 
ae >> ; 
Dt — H? = 4p py" =4 py p¥; (HD) = 1/4 p* py 


3° >> 


ae 33 ke 
BH — ED= 4p” fy BD + EH =} p*” fy, 
In terms of ky, ko, kg and J, Jz, ls these invariants are derived from the forms 
Be + Ret Beats ye keg? + hot 9 + 12 + UPS 1? + 2 + 12, 
kyl, + hy ly + Ry ly and hy 1, + hy ly + Bg dy 
We can now form the four expressions 
hy Ry + hg hg + hg ke; l,l, a ly Ly + 1, l, 
ky ly + hg Ip + hg ls; k,l, + Rp ls + Rg ly 
which reduce to 
> > 3} a 3-3 8S sind 323 3S so >> 8S 
Bi + E?, H’ + D*; (BH+ ED) +7(EH — BD); (BH + ED)—i(EH — BD). 
These are not however spinor-invariants since they correspond to the forms 


Srs 878 5 ys hes ; g,, hrs ; grs hrs and contraction of dotted and undotted indices 
P : . a => . 
does not give such an invariant. Thus BH + ED is not a spinor-invariant 


a > eee >> >> 
while BH— ED is sc. Hence (DE) and (BH) are not spinor, 7.e., Lorentz- 


invariants and the same is consequently true of U and V. 
4. Semi-Vectors. 


We will give here those parts of the Kinstein-Maver theory of semi- 
vectors which will be used in the present investigation. 
Mayer use the Minkowski line-element we shall t 
case of the line element used in the field theory, 

According to the line-element used in the 
the relation 


Since Einstein- 
ransfer the results to the 


Born-Infeld theory we have 


(hig")” = — hy 
so that, if h,* = ah;,. 


aT AR ie 
. 
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Vea acilw ‘Tiw 2a 7 ys 
We easily derive a? = — 1, te., a =+4; and, hence the self-dual and 
anti-dual antisymmetric tensors are defined by 
* . * . 
Up = Uj, and vz = — Iv, 
and using the rule of pulling the indices up and down 
Mog = — My} Uy = tMygg, etc. 
Vog = 144} Vig — = 10, etc. 
just as in the Einstein-Mayer theory. The special antisymmetric u’s and v’s 
form a linear space and because of this linearity any u,, (or vz) can be expressed 
in terms of three suitably chosen u,,’s (or v's). Let us take u,;, defined 
Zz 


such that all except m3 is equal to zero, but t%3 = — 744 = 1 with u,, and 
1 Zz 2 

u;, similarly defined. We can then form any u;, by 

3 


Ujp = O, Ujz + ag Ujg + Os Ujz \ 
1 2 3 


Lek ‘ 
and similarly Vig = By Vig + Bo vig + Bs Vig | 
zt 2 3 i} 
where a,, dg, ag and f,, By, 8, are quite arbitrary. We can thus write 
Ung = Oy, Ug, = Gg, Uyp = Og, Uyy = 104,+°** \ (1) 
Vog = By, U31 = Bo Ye = Bs: Vig = — 28,°*° 


Let (a;,) be the group (D) of rotations constituting the Lorentz-group 
and let us write 
Ajz = dip CF 
where (b;,), (¢;g) are two sub-groups of the Lorentz-group and also isomor- 
phous with (aj). The condition for the existence of such a factorisation 
is that the b- and c-rotations be “‘ vertauschbar’’. When this condition 
is satisfied and when c;, is taken as the infinitesimal rotation 
Cig = Sik 1 Vik 
we can determine 0;, from the necessary consequence that (bz) is ““austachbar”’ 
with (vj). We can find for dj, the form 
bp = bgj2 + Uiz 
where b = 04, = Ogg = bs3 = — Dy. In general the (b;,) so determined will 
not be a‘‘ Drehung’”’ and will be onc if 
BP+iu, uw = 1. 
The group of rotations in (b;z), 1.e., those satisfying the above condition is 
denoted by (B) and is the greatest common measure of (a;,) and (b;,). We 
can similarly define the sub-group of rotations (C). 
An infinitesimal element of the group (bz) is given by giz (1 + 5d) + 


Su;p (big = Bie + Mik) and the condition, for this being a rotation, v72,, 
tk 1K Oln 
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Bb +14u;,u%=1, becomes 
(1 + 8)? + } Su,, Su =1 or 6b = 0. 
Hence an infinitesimal element of (B) is gj, + 5u,,; similarly an infinitesimal 
element of the group (C) is given by 
Liz + Svjz, t.€., by 
% oe “ ‘ 7 2 .. (2) 
Cip = Sin + Svie 
5, Equations of transformation. 


The equations connecting field quantities* can be written in the form, 








— =e = 
s D (i + B*) — BR 
V (1+ D4 (1 + B)—R® 
: eae (3) 
eel ae — DR 
Via + D?) (1 + B2)—R? 








where U = Vv (1 + D’) (1 + BY) — R?, and R = (D-B). 

We will show that the equations (3) are invariant with respect to trans- 
formations of the group (B) and thus establish their I,orentz-invariance. 
Since group (B) consists of rotations, it is sufficient to consider only infinitesi- 
mal elements of the group. 


Let us denote by 
x1, x7, x8, xt => x, AEE 
HM, 0 x8, xt ——> x! yy 2" tl 
the co-ordinates of world-points in systems Y and 5’ connected by infinitesimal 
transformations defined by (2). 


In consonance with (2) we can write such a transformation as 


xP = oP XY 1 Sak xv ., — s (4) 
such that g,* = ‘i oe Se 
0 if B= v 


and the dot in u,'* denotes the order of the indices. The tensor component 
Sig and p;, are derived from the transformation rules of tensors Thus ; 


fs = (g,” + 5u,”) (g,? + 84?) fyp =fiu + buy” fry =o 50,” fiy 
f'e3 = (g2" + dU”) (gg? as 813?) fyp = fog + buy” fyg + oe 


Where, in consequence of the infinitesimal nature of the transformation 
, we 





® Born and Infeld, Ref, (1), p. 525, formula (2.7A). 
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neglect the coefficient of the second power of 8. 
expanded form, we get 
fia = fra + Sq (fog + + tfi2) — Sag (fos + ifs) \ 
f'23 = fog + Say (fiz — tfe4) — Say (far — tfo4) a 


. . . ae 
making using of (1). Introducing a space-vector a whose components are 
(ay, ag, a3) these equations can be written as 


Writing these in the 


(5) 


=e — , SSeS > > ———- > 
Kk = E +46 (a x B—iE); B’ = B +8 (a x B — 78) 
— — = Se > > — ——_- > (6) 
D’=D+#(a x H—iD);H’ =H +8(a x H — 7D) 

the second set in (6) being obtained by the transformation of the components 
of the tensor p,,. Dealing with the (C)-Lorentz-transformation in a similar 


way we have the equations of transformation 


fu =f — 1882 (fo + tsa) + 188 (far + thos) ne 








re ae Saat fas) Ae hee aa °) 
or taking B > (B1, Be, Bs), 
D’ =D — 8 (8 x H +1D);H’= H + 8(8 x H + 1D) 


6. Lorentz-invariance of the conditions. 


— > > > > > > — 
(E x H) —(D x B) = 0; (E x D) + (H x B) =0. 
Before proceeding to prove the invariance of the equations (3) we will 
consider the transformation of the above two conditions 


— - _ > 
(fx H)=(DxB)=0 .. = " e ath 


> a — > 
and (E x D)+(HxB)=0 .. he me te ge P 18) 
under (6) and (6’). The conditions (7) and (8) are intimately connected 
with the question of the Lorentz-invariance of the field equations derived 
from U. In fact, it is known [cf., Born-Infeld, Reference (4)] that the former 
is a necessary and sufficient condition while the latter is a necessary one 
only. We will now show that (7) remains invariant under both the (B)- and 
(C)-transformations while (8) does so only under the (B)-transformation. 
Under transformation (6), 


SS (= ea 

(D' xB’) — rca ~ Dy} K1B + 8 (exB Sse) 
7 eee {¥ eee 

_ {h48(xB—)} x{H+8(e x H —1)) 


6 4 
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—— +o > 
=3D ie eB eh) oeG x (a X H —1D) —46E 





a —> ice i” Aa 
> x B -1E 
x (a Xx H —7D) + 18H x (a ) x 


[(since (D x B) _ (E x H) = 0 from (8)] 





> > 3 > > 3} 
= {E(D-a) —D(@-a)} +0 {H(B-a) —B(H-a)} 
(> > > a 
+5 1H (H -a) —B(H <a)} +8 1D(B <a) —B(D..a)| 


> 
[since all terms in a cancel out] 
> 9 > > 3 > > 3 
=i8ax (Ex D) +13ax (Hx B) + 8ax (Hx E) + Sax (Dx B) 
= 0, using (7) and (8). 
Under transformation (6’), 
> > - as 
(D’ xB’) — (Hh! x H’) 
--> -———-> 


> > > 
—i8B x (B x H +iD) — 18H x (8 x B +18) 


> ~ => > a > 
+ 8D x (8 x B +7E) —8E x (8 x H + 1D) 





=i (BH -#) -H®-#} +8 (D@-ps) -EW-p} 
+s{HE-#—-EH-At+s{(DB-f-BO-p} 
=i8 x (Bx B+ xk} +58 x {GH x E) +(D x B)} 


= 0, using (7) and (8). 
Under transformation (6), 


> 
x 


hy 


a - = = — > = — — 
(E’ x D’) + (H’ x B’) = 8a x ( ) + 18a x (B x D) + 8a 
> > > > > 
x (H x B) +a x (E x D) 
==) 


Finally, under transformation (6’), 
- “+ — > 335 3S (> > 3 
(ER x D’) + (H’ x B) = 2188 (DB — EH) — 78 | B(D- 
> 


Ee 2 ee > => | = = os 
_ +0 (HE - 8) +E(H -p)j +288 x & x D) 
> 
and the coefficients multiplying p scalarly and vectorially do not vanish. 
cal 
Remembering that 8 is an arbitrary vector with the “ 
belonging to an arbitrary anti-dual 


tion (8) is not invariant under the 


Kennzahlen ”’ £,, B,, Bs 
antisymmetric vj, this shows that condj- 
(C)-transformations, 
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7. Lorentz-invariance of the field equations, 


Consider now the right-hand side of the first of the equations (3) and 

let us determine how it is transformed under (6). 
> — > = > _ >> to 
D? = D? + 21a (H — 7D x D) = D? 4+ 2180 (H x D) 


= > 


> > ——> > > >> 
‘3 — B® + 2130 (B —71E Xx B) = B? + 28a (B x E) 
> > > > > —-_-_——_. 7 °- —_— OO > 
(B’ - D) = (B-D) + 8a(B —sE x D) + i8a(H — aD x B) 
> 5 > 3 > >> > 
=(B- D) — ia (E x D) + i8a(H x B) 
> 5 > 73> > ; 
£:6:; R’=R + 28a (H x B) =R — 28a (E x D) using (8) 
>> > 
R= R? + 4i8Ra (H x B) 
aa * 
and (1 +D") (1 + B®) —R?=2 + 26 2, ve ey .. (9) 
> > 
where 2 = (1 + D?) (1 + B?) — R? 
> > > > > >> 
and =(14+Ba-(H xD) +(1+D%a -(B x BE) — 2Ra (Hl x B). 


Similarly for the numerator, 


> > > 
(1 +B —BR'= (DQ +B)-BR} +8, .. (10) 
—_—> 2 (> > => 
where 2, =i (1 + BY) (a x H —@D) + 2D ja -(B x B)} 


> | ee 


Ee . 
2B te (HB) — R (a GB 8), 
Hence the expression 


> Se {B11 +8) — BR} +80 
Dit Bb) 8 R a Bed Se ee from (9) and (10) 
== S a aaa a V 2+ 21822, 
Vv (Dap Be) 8 


> — > ) — : S 
ms {D (1+ B) — BRi + 8% () eh : 











VQ ( Q 
3 = x 182, 

[ {p (1+B*) — BR} + 52, | [1- | 
a 
i. VQ 

D (1+ B) — BR < 5 | Q, —i1QE| VQ een 
ie VQ VQ 

EB 52, QE Ma - es Ertl} 
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B) (1+D2) >> 2 >{B(1+D) —DR 2 
2 (1+ B*) (1+ Sat 
Now, 2, eee a (Hie. Dh er pose x B 
—> 
[substituting for H and E from (3)] 
3:5 > 
=2 72 a(B x D) Bs - ne a3 v4. (12) 
‘ > > > -+ >) ; > > > 
Also ‘2,= 1(1 +B (a x D) —R(a xX B)} +4 (1.4 BY) (o x H) 
> > a ee ahi} ae > 
+7R (a X FE) + 27D ja (B Xx E)jJ — 27B {a (H x B)} 
> > > 
= VG xf) +10 +ih}zxB0+D) — dal 
eget ac = 
— ina ila ae BR 
VQ 


v 


2? > San ate” ) 
4+ 2D{a(B x E)} + 2Bia(& x D)} 
_> - ee a a > 32> > 335 
= VQ (a x E) +i VQ (a x B) + 2D (aBE) + 2B (GED) .. (13) 
(the last two terms containing scalar triple products within brackets). 
Putting (12) and (13) in (11) we get 


> 


Tar sich (1) 2 08 (c SEN aha Som 
275 > 335 > 5 > 5 
= Seal }P@BH +B(aED) Hap}. 


> 
a 


VQ 
Now for any four vectors a, b, c, d we can deduce the identitv 
> >> > 35> > 35> > 35> ; 
a(bcd) —b (acd) +c (aba) =i (G00) =e) 


and using this identity the terms within { } on the right hand side of the 
above expression reduce to 


> 3S 8 2 {B oo >) 


> 


> > > 
D’ (1+B”) — BR’ 5 She) 
ee 8 (a x E) + 78 (a x B) 


I 
ty 
ae 





a 
V 1+D%) (143%) — Rp» 
> > 


+i8(a x BiB) 


I 
Hy my 


/ 


I 


oe are 1 
[using (6)] a4 


Hence we have proved the Lorentz-invariance of the first of the equations ( 3) 


Se 
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We can ey ae ie invariance of the second of the equations (3), 


, "9 ’ 
considering B (+d Je D’ = 


> 
(1+D’) (1+ B’?) — ee 
the same expression (9), As regards the numerator we can write it in the form 
> — > -. 
(1 + D?) —-DR}+8Q, .. x x re wen Lon 
— - ~> aa F > _—— > 355 
where 23= (1 + D*) (a x B —iE) —iR (a x H —iD) + 2B (aHD) 


> 33> 


— 2iD (aHB), 











, the denominator is given by exactly 


and in place of (11) we have the expression 





H+—=- ty 
elope 0 uy 
_ >>> 
where Q, = 2VWQ (aBD) oF é my cf rth ae 
2s > > > > ; Se aS) > 3 
and 92, = {a x [(1 + D?) B — DR]} — 7(1 + D¥) (a x E) —7R (ax H) 


> 335 


> 32> ; 
4 2B (aHB) — 2D (aHB) 
> > > 
D(1+B’) —BR 
VQ 
re Ae 7) > 3P> 
=e ! x eee 4 2iB (aHB) — 27D (@HB). 


VQ 
> >>> > >> . 
= VQ ee x H) —i VQ i x D) + 2iB (aHB) — 2D (aHB).. (13’) 
(11’) reduces to 


> > > : a mis 
H +38 (a x H) —#8(a x D) 


2/0 430) 4) 4 DS yes 


B (aHD) — D (aHB) — H (aBD) 





278 {is 335 > 335 > 32> 
= 


From the identity of triple scalar products mentioned above the last 


term within the { } reduces to 


> 33°> 
a (BHD) 
> >>> > 335 : 
=a (DBH) =a (DED), using (8) 
= 0. 
Hence we have shown that 
RB 5 DR’ > > > 
SeB De) DRE ad (ec ey ee 


V (1.+b") (1+B”) — R” 
: > Se 
=H +8 (a x H —7D) 
- 
=H’, using (16) 
which proves the Lorentz-invariance of the second of the equations (3), 
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> > , 
8. Equations when E and H ave independent variables.” 


Starting from the Lagrangian 


Pe ee (tae) Gt Tay - «td 
> > 
where G =(E -B) oe 2 oe sa (0) 
we want to express the function 
—— 
V =L — (BH) a fa oe = 46) 


+ “+ 
as function of E and H. 


From the equations derived from IL, we have 











> L B GE 
d — 
H ra = i) a> > oe (d) 
BV 14R— ERG! 
therefore 
> > he G2 
V 14.38 — Bt —@ 
and from (c) using (a) 
eee el > 
V = Vi4Be~ Bo _——2=* tee 
/ > Ze 
1+Be= aa Gs 
ee rae eis 
Ua ra ee we ste $4 ate} 
1+ B*— HK? — G 
We now denote 
> 3} 
S =(E -H) eee fe eS i -- (f) 
and obtain for S from (d) 
eal 
cee es 
V 148 Be - ad * &) 
— EK? —.G* 
From (g) and (e) it follows 
S 
V=4-1.. 
G de ze a -»  (h) 


Now r e . —_ > 
we have only to express G in terms of E and H. For this purpos 
$ 20Se we 


7 In this paragraph, we have followed exactly th 


P. Weiss in Born-Infeld, Ref. (1), p. 544, © same method as in the appendix, due to 


ee 
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write first (d) in the following form 

Pe = > > 

= Bo CR” 1— 





=a fat oe ae 
1— EF? Serie Ee CG 


and because of (g) 


> - 
SB 9Go os 


i_-p & " 5 . -- (i) 


ry 





Now we solve (g) and (7) with respect to G by eliminating B. 
Squaring (g) gives 
tae eon = os 

— $*B* + G*{S* + (1 — E4} = $8(1 — BY . i 

Squaring (7) gives 
> > 
Ss? B= CG? (EE (1 — E2)? + $? (2 — E?)} i mae (Ae) 
From (7) and (k) follows 
_ - > os 
G? {(1— E)? (1— HY) — $#(1— FE} = $9 (1 — BY) 


or, 


G= STE el _ 2 on 


V1 — 2) (1-H) —S? 





Introduction of (/) into A gives 
Sess SS 
vy =Vu- #) (1- Hy —-s- 1 a wt (A) 
As regards the equations to be derived from V, we have 
> 3 >> 
dV = dl, — BdH — HdB 


eee de 


oE oB 
>> >> 
= — DdE + HdB 
>> > OS >> > SO 
- @V'=— DdE +-HdB —-BdH — HdB 


>. => => = 


> ae oV 
D —_—_ — ey B = ae oe - ae (15) 
oF oH 
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Using for V the expression obtained in (m) above, these can be written as 





(1-H) B+SH | 


i fa8 me dea +x, (16) 
aad 


ao 
ee oe 


V (1 — EB (1 — HY) — S? 





9. Loyrentz-invariance of the field equations derived from V. 


We now proceed to prove that the equations (16) are invariant with 
respect to the (C)-transformations contained in (6’). 


We write 


> eras 

E” — B— 285 (8 x B + iE) = E*— 218% (Bx B) = E*— 2788 (B® x B) 
- >> faim > > > > > 
H' = H+ 25H (8 x H + iD) = H+ 2H (Bx D) = H?— 2138 (xD) 





> 3 > 
= (EH) =$ +88 (8 x H +iD) — iH (8 x B 4 7B) 


> > > 5 > 
=$ +i (B x D) — 8H GB x B) =8 — 188 (E x D) 
>> > 
we a + 188 (H_ x B) 
=S -+ 2188 (H x B). 
; > 3S > 
S’2= S$? 4 41388 (H x B) 
za > 
(1 — 8") (1-H) — 2 @ 4 2480, 
where 2Q =(1 — FE?) (1 — FH?) — S$? 
iS > 
atid = (1 —F) B(x D) +1 — BY BR x E) — 298 (it x B) 


Similarly EB’ (1 — 4) + H9"— {P HI Q 
Similarly E' (1 — H")'+ H’S'= |E (1-84.45 } + 62,, where 


> > s > —_— 
Q,= %E (BHD) —i (1 ~H) @ x BEER) 4 UT (BHB) 

a ateeeneees 
+S(Bx H +a). 


u Pe oF 
ence the right-hand side of the first equation in (16) in the co-ordinate 


——— + 
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system 2” reduces to 

> > > > > > 

{FE (1— H?) + HS} +82 = Dees _ 182,D , +t UW 

V 2+ UdQ, Wen 600 ea ads 
Corresponding to (12) and (13), 2, and Q, simplify to 
a > 
2,= 2 VQ B(H x E) 


Em > 35 > 355 


> _ > > _ > 
and 2,;= 72 (8 x D) —7 VQ(8 x H) + 27E (BHD) + 27H (SHB). ' 
Hence 
> > > 
EF’ (1—H”) + H’S’ 
/ (1 — F) (1 — H’) — oO 


Tie en ie 
2 [ H (SHB) + E (BHD) — D (HE) | 





> a -: > > An ae 
Ets (oo oe oe) ee | B (EHD) } 
V2 
[using (8) and the vector-identity], 


— ie > 35 


—D —i3 (8 x H + iD), since (EHD) = (HDE) 


3335 


= (HHB) from (8) = 0. 
> 
= D’, using (6). 
This proves the Lorentz-invariance of the first equation of (16). 


> 
For the second equation, we need only calculate 2, corresponding to 
as eee ie 
(13). This is easily found to 
> 33> > 33> 


0,= V2 (B x B) +i V2 (8 x B) + 2H (BBE) + WE (GHB) 


and we find, as in the previous case, 





the invariance of the second of the equations (16). 


proving 


TZ 
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10. Conclusion. 

We have proved the Lorentz-invariance of the equations connecting the 
primary and secondary vectors in the cases where the action functions are 
U and V, and the Lorentz-invariance of the field equations derived U and V 
follows as an immediate consequence. 

I wish to thank Prof. Born for proposing the problem and suggesting 
that I should use the Einstein-Mayer semi-vector theory for proving the 
Lorentz-invariance of the equations concerned. 
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7. Introduction. 
INFELD has shown! that, in the development of Born’s field theory from 
a variational principle, it is possible to replace the action function originally 
adopted by Born and Infeld? by a more general one T which satisfies the 


conditions 
Rl Zor . frrl = oT 





p = 57° ehh UTE sie .. ua -» (1) 
Here, T is assumed a function of F, P, R, where 
B= 3 faf!;P = 3 pat p™, R =— 3 fy p! =F fy pel -» (2) 


and f,; as well as p,)* are treated as independent variables. We shall call 
action functions satisfying conditions (1) self-conjugate action functions, 
Infeld has deduced the necessary and sufficient conditions for an action 
function being self-conjugate and used these conditions to obtain a new action 
function which leads, in the static case, to two solutions with central svm- 
metry one giving a finite, the other an infinite energy. There is however 
a fundamental difference between Infeld’s action function and the Lagrangian 


used by Born and Infeld in that while the latter is derived from considerations 
of relativistic invariance the former is not, 


In trying to construct action functions which satisfy both the conditi 
of self-conjugacy and relativistic invariance, I have rene to the 1 te 
that there are no such functions other than Born’s action fun ti Cae 
been thus led to prove in this paper the bee 


THEOREM :— 
- ‘ The only self-conjugate action function which satisfies the 
condition of relativistic invariance is Born’s action function 


I have 


2. Infeld’s Conditions for Self=C onjugate Action Functions 
Infeld has shown that the condition of T being self-conjugate a th 
§ © e€ 


assumption = : : ; 
I that T = Lagrangian + Hamiltonian are entirely equivalent 
ee os 3 : 


5 Infeld, Proc. Camb. Phil. Soc., 1936, 32, Part I 127 
* Born and Infeld, Proc, Roy. Soc., A, 1934, 144. 405. 
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Another form of the conditions he has deduced is that of the equations 
R = T,-F — T,-P ae ye = (3) 
Ra =P a B: yy i | (4) 
T,-F + T,-P + T,:R =0 ra 3 ts (5) 


the independence of only two is a necessary and sufficient condition for ‘I 
being self-conjugate. This is always the case if T can be represented as a 
homogeneous function of F, P, R of zero degree. In this case, (5) is ES 
satisfied and the other two determine F and R as functions of P. 


3. Born’s Action Function. 


In the form given by Infeld, Born’s action function is 


F— Pp 
T=-;- -? i be rr .. (6) 





This satisfies the condition (5) and also the condition that in the limiting case 
for fx; = py and when fg; and fg; are very small, T is equal to zero as 
it ought to be since in this case the Maxwellian field equations represent the 
limiting case for very weak fields. 

We shall derive the form (6) so as to bring out explicitly the notion of 
relativistic invariance. ‘The variation principle of least action is to be used 
in the form 

5 ys Tdr =0 (dr = dxtdxtdxtdx') .. ae a cea) 
and T is to be found from the postulate that the action integral has to be an 


invariant. In this case, the field is determined by the two covariant tensors 
ayy and by, which could be split up into symmetrical and antisymmetrical 


parts by 
an = Sa t+ fers be = Sa + Par \ RS 5 (8) 
ge = busta =— Su; ba = — Pir 


The reason for assuming that the field is determined by two covariant tensors 
is that, in consonance with Infeld, we assume fez and p,z;" to be independent 
variables. ‘The invariance of the action-integral leads to the condition that 
T should be any homogeneous function of the determinants of the covariant 


tensors of order }#°. We have the expressions 


Va—len thal V— lee + bar [3 V—Teeh V1 feels V1 pa? |. (9) 


dr are invariant, where the minus sign is added in 





which multiplied by 
order to get real values of the square roots. 





3 Born and Infeld, Proc. Roy. Soc., A, 1934, 144, 429. 
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The simplest homogeneous function of degree } which we can form out 
of the expressions (9) is the linear expression oo. a 
T = V¥—l|gatfel + AV — lee + pe’| + B Vv —lgu| + € V | fer 
+DVlfel =~ (10) 
Assuming that f,, and fz; are rotations of potential vectors, we can take 
Cc =0, D=0. Further A and B are determined by the condition that 
in the limiting case of Cartesian Co-ordinates and weak fields, TI must reduce 
to $ (F + P) so that T may be equal to zero for py; = fy. 
Now, 
—Jewt+tfa| =1+F—-|fal =1+F—-— G 
—| gue + pe" |= 14+ P —|p,*°|=14+P—0° oe tin 
where G = } fy f*”, and Q =i p¥ p,/* 
For small values of fy, and p,)* the last determinants on the right-hand 
sides of the first two expressions of (11) can be neglected and (10) becomes 
equal to 3(F +P) only if A=1, and B =— 2. Hence (10) reduces to 
T=V1+F+V1+P-2 .. Ae - .. (12)4 
where, for the sake of simplicity, we have neglected G and Q, thus assuming 
that T depends only on F and P. 
Applying equations (3) and (5) to (12), we have 
F Ee 














= — = —§s ———— As i - au (5S 
. 2V71+F 2¥V714P 
F P 
= ——— a 3 eh as calle 
aViFF OVI bs ~ 
From (13) and (14) we get 
ere end“ EP ee 
R’ R 
and (12) reduces to 
F—P 
se =) 
T= R 2 


which is expression (6). This derivation shows that Born's T 
conjugate and makes the action integral relativistic invariant. 


4. Proof of the Theorem. 
Instead of the linear expression (10) 


geneous function of degree } which can 


9 
2 


is self- 


let us consider the general homo- 


be formed out of — | gee + far]: 
ae 
4 This form of (12) is an immediate deduction fr 


( om Infeld’s theorem that T is to be 
the sum of a Lagrangian and a Hamiltonian for T bein 


g self-conjugate, 
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— | ge + pa* | and — | ge |, neglecting again the dependence of T on the 
invariants G and Q. We have, therefore, to form the general homogeneous 
function of order unity in a variables 


Vv —| ga t+ fal, lea + pa? | and V—|gy| 
Since the third term is a numerical invariant equal to unity, such a general 
function can be written, using (11), in the form 
T=f(V1+F, 714+ P)4+A V— Tey] es .. (15) 
where f 7s a homogeneous function of order unity in /1+¥F and V1 +P. 
Putting V 1+F =a, and V1+4P = 8, (15) can be written as 


T = fa, 6) +A s = ; * .. (16) 


The constant A in (16) is to be determined from the condition that in the 
limiting case of weak fields T— $(F + P). Writing 


f(a, B) =4 (FP), 
6(F,P) = 40,0) + fF (SE) + PGS), } + ete. 


“FO WHE G :),, (se), + P(; Pia (o),, } +e 


=f (1) +4 fe (¢ fy a2 ) pA ae petty) 


Since f (a, 8) is homogeneous of order one in «a and f 





a +B 35 = Sapa x. me f ie .. (18) 
i 
fy Ce See et yee be i .. (19) 


(F + P) as a and B —’, (17) shows that 


(3 (oh), pe 


and this gives, taking (19) into consideration 

f(1, 1) = 
and therefore A = — 2. Thus the general action function satisfying the 
condition of relativistic invariance and the limiting condition of reduction 


bol 


In order that T— 


to the Maxwellian case is | 
T =f fe,.8) —2 «- - By Bi .. (20) 
We will now determine the form of f by applying Infeld’s conditions for being 
self-conjugate. From the eqtations (3) and (5) 
R = T,:F — T,-P) 
O = Tk + 1. Py 
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or x 
21 =— F! 
a 
and 2T, aaa S 
oF 
Eas ae cee lea = pele 
is ; s sinceea = V1 + F/B = V¥1+P 


fe = Tp = Jeean a T,* 2B 


toes a 
R 
and ae 


Substituting these values of fg and fp in equation (18) v7z., 


afo +Bfe =f (2, 8) 


which is valid on account of the homogeneity of /, we get 





een 
f(a,B) = Ra — Eh 
_RG+F)_ RIL +P) 
~ # P 
R 
= ap {Pl +F) -F(1 +p} 
_R®-F) 


Using, now, the relation (4), the right-hand side becomes (F — P)/R. 





jf (2, 8) = z ai y and (20) reduces to 


SRS Ee 5 


R 


which is the same as Born’s action function (6). 
the theorem enunciated in § 1. 


5. Conclusion. 
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GENERALISED ACTION-FUNCTIONS IN BORN'S 
SLEC TRO-DYNAMICS. 
~~000-~ 


(This paper will be published in the Froc.iInd. 
Aead.Se. A, 1937, Vol.6, September 37). 
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1. Introduction. 


Infeld*has shown that, in the development of Bonn's 
field theory, it is possible to choose an infinity of 
aetion-funetions other thatvthe one originally proposed 
by Born and Infe1a‘2 which, for simplicity, might be 
called Born's action function, These action-functions 
of Infeld and the one recently introduced by Hoffmann 
and Infe1a $3) have, in common with Born's action - 
function, the properties of self-conjugacy, of the 
existence of simple algebraic relations between the 

te and b- fields, and of giving finite values 
for the energy of the electrical particle. They how- 
ever differ from the latter in that the condition of 
invariance of the action integral itself is not in- 
sisted in them. As I have Shown elsewhere ‘*? Born's 
action-function is unique if this condition as well 
a8 the condition of self-conjugacy are imposed on the 


action-function, 


Laying aside for the present this condition of 


(1) Infeld; Proc. Camb, Phil. Soc, 1936, 32,127 and 
1937,33,70 = hereinafter referred to as I and II 


(2) Born and Infeld; Proc. Roy, Soc.A,1934;144, 425, 
(3) Hoffmann and Infeld; Fhys. Rev.1937,51,765 « 
referred to as III, 


(4) B.S, Madhava a0 }Proe, Ind, Acad, Sei. A,1936, 3, 377 
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invariance of the action integral, we might say that 
these action-functions give rise to several systemsot 
Born's non-linear electro-dynamics. These action - 
functions, however, sre all confined to the case where 
the invariant G = (BE) is neglected as also the 
invariants Q-(DH) and $-(G'D)+(EH)- I have 
considered in this paper the general case where these 
invariants are not neglected, and have constructed a 
two-fold infinity of action-functions all having the 
same properties as Infeld's functions and reducing to 
them when (& = 0. This generalisation has also ena- 
bled the deduction of close connections with the com- 
plex formalism developed by Weiss \9) In view of the 
fact, howver, that the condition of "finite self-energy" 
has so far been discussed in the case of the point - 
singularity, and in the case of the ring-singularity 

in the zero-approximation® where, in both cases, the 
invariant G does not appear, it seems difficult to 

set up a criterion limiting the choice of these functions. 
Nor is the regtlarity condition of Hoffmann and Infebi 


of any use since it is based on the character of a4 


(5) P. Weiss; Proc. Camb, Phil. Soc, ,1937,33,p. 79 ~referred 


(6) B.S, Madhava Raos Proc. Ind. Acad, Set, yAs1936,4, 355 
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spherically-symmetric electrostatic solution. 

An attempt has been made in this paper to 
construct an action-function which leads to 4 full 
coincidence of the second order terms when the 
Lagrangian of the field theory is compared with the 
Lagrangian that arises from the investigations of 
Buler and Rachel ai scattering of light by light on 
the basis of Dirac's theory of holes. It is well - 
known that such a coincidence does not exist ®? in 
the terms containing G* when Born's action function 
4s used, The result that I obtain is that even this 
condition does not restrict the choice, there being 
more than one such function wherefrom we could obtain 
the coincidence with the fZuler - Kockel Lagrangian as 
well as the good determination of the fiye-structure 
constant possible with the Hoffmann-Infeld action 
function. 

T have closely followed the method adopted by 
Infeld in I and II. 


2. Condition of self - conjugacy. 
We introduce the f and pM 
KE (or in the dual 


x x 
form f K and bys ) tensors describing the electro- 


CD) Weld cree er aaa annenaraatiaasenaateneeeteteseinseepetienatadiestneneanmseenees 
(7) Buler and Kockel; Naturwiss, 1935,23,246, 


(8) M. Borns Proc. Ind, Acad. Sei,, A.1935,2, 560, 
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magnetic field, the space-vector wee and also 
the several invariants in the ugual way with the 
modification introduced by weiss??? which leads to 
a good lot of simplification by avoiding unnecessary 
numerical factors. The Lorentz frame of reference 


is used 


es F5) 1 OE B ) (Sy Ay Fy ) 2 & 
=H D 


(2,1) 
hans fy) = i) (hy B Pox) = 


HAPS Ef Fi lat Stat G 
hts -thep oP, phyl sku? 2 cade 
Aah EPG = Rs eB EP DS 

me ete hs Sate te 

pat (tia) 3 Q= (OH) (2,3) 
R= 15(BH) -(B2)} 5 SL (BD +(EW, 


ve impose on our action function 7 which we assume 
to be a function of FG, P, Q 
conjugate. 


that it should be self- 
This means that the set of equations 


erento nteinenennetenenneenineeeneeeteeeeeeceeeeeene 
(9) B.S. Madhava Rad Proc. Ind. Acad, Sei,,A.1936, 4, 


578, 3 -referred to 


as V, 
(10) See IVs; footnote on p.80, 


G2 


pie OT (2,4) 
Ogg 
alee dE 
2 Pat bie 


should be self-consistent, i.e. that (2,5) is a conse- 
quence of (2,4), or vice-versa, We can re-write (2,4) 


and (2,5) in the form 
KL ki x kl (2,6) 
be EM Taf 


x 


4 ke KL 
tig = ene does (2,7) 


where [r, 'g4 Tp, Ta denoteg the derivatives with 
respect to F/G, PandQ° respectively. We shall now 
find the restriction to be imposed on to ensure 
the consistency of (2,6) and (2,7). We multiply (2,6)¢4 
# # * 
(2,7) respectively by the’ the th the) (bevthy the thy ena sum 


up, We get after suitably grouping the terms 


RK - PMe + G1 (2,8) 
-R- PTp + Q TQ (2,9) 
5 = aoe (2, to) 
oa Q Tp Ta (2, //) 


(11) As in V, p.579 where we replace both / and // by 7 


' and introduce the necessary numerieal factors to 
correspond to Weiss's notation, 
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a Rig #SeT (2,12) 
F= KTp -STa (2, 3) 
Q = oTp —R Tg (2,4) 
G = STp +k Tg (2,/5) 


The equations (2,9), (2,11), (2,13) and (2,15) must be 
consequences of (2,8), (2,10), (2,12) and (2,14) res- 


pectively. 
Before proceeding to reduce the above number of 


eight equations, we will directly obtain two conditions 
which follow from the self-consistency of (2,6) and . 
(2,7), Taking the dual of (2,6) we get 


#x Ee KL 


* ke kd 
Peale Taf dana ance? 


Substituting this value of poe and the value of ae 
from (2,6) in (2,7) we should get an indentical equa- 


tion i.e. 


is = Tt tts eee ee ieee 


identically. This leads to the consistency conditions 


Tr TQ Tp Tes 6... (2,17) 


It is now easy to see with the aid of (2,16) ana (2,17) 
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that the equations (2,12) - (2,15) are consequences 
of (2,8) - (2,11). For example from (2,9) and 


(2,11) we get . 
RTP +5 1¢ = me Gar +21) + 1% (4p -P Ta) 


P(E tT To) - 8 Gar - Te) 


—-P, from (2, 16), (4/7), 


i 


{i 


But this is the same equation as (2,12). Similarly 
for the other equations, Hence the eight equations 
(2,8) -(2,15) ean be reduced to the six equations 
(2,8) = (2,11) and (2,16) - (2,17). 

In essence we have replaced the four eqvettinat 
(2,12) - (2,15) by the two equations (2,16) and (2,17). 
We can now find two other equations equivalent to the 
latter, Multiplying (2,8) and (2,9), also (2,10) and 
(2,11) we have 


—R* TERT TR +GQ161@ + FRI Te + PG TpIG 
S* GR Te Tp + FP eT). - PGT, Flo - FR Tpt 
Adding 
SR = (Te 1p +Te Ty (EP 
FP PIG IOAFPHGR) #( Tee ~The KFQ-Pa) 
Or, using (2,16) and (2,17) 


Q 2 
S°-R = Bains (2,18) 


Svinilory IRS FO = pa (2,19) 


relations expressing RK and S interms of E.G, PQ 
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Further, using (2,8) - (2,11) and (2,18) = (2,19) 
we can deduce (2,16) and (2,17). In fact, solving 
(2,8) - (2,11) for the derivatives we get 

GR-FS 
_ FRLGS ee ae 
Po RAG” EEG 
QS-PR 5. oat nee QR+PS- 
Piatt ope re G* 





(2,20) 


Using the expressions we can easily gerive 


(S—R')(FP+ GQ) +2RS(FR-PG) 





Te Tot Ee tps : 
Rie Sie (F'+ G*)(P'+Q") 
P ~(S-R)(FQ-PG) 
Tr Te Tae sel o Be 
(F'+G*)( P'+ a7) 


Also from (2,18), (2,19) by squaring and adding 
R+S = /S(F4G)( P+ Q%) (2,21) 


Using (2,18), (2,19) and (2,21) the above expressions 
lead at once to the consistency conditions (2,16), 
(2,17), 

Thus the original System of eight equations can 
‘be reduced to six,viz., (2,8) -(2,11) ana either the 
two twa consistency conditions or Weiss's relations 
between the invariants, 
by Weiss‘12) py 


These last are obtained 


expressing the Symmetry of the e nergy- 
(12) See Iv; Pe85, equation (4,5), 
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impulse tensor. Thus the relations between the invari-~ 





Coming now to the conditions (2,8) - (2,11) we 


can re-write them in the forms 


FTp +416 +P Tp +QTp <0 (2,22) 
G Tp ~ FI -@lp tPlg = 9 (2,23) 
ond PLETE 4G Te SP = OTH SAR (2,24) 
GT -F Ig +01p -P Tg =24 2,25). 


(2,22) ~ (2,23) form a system of simultaneous partial 
diffenential equations for 7 in the homogeneous form - 
in particular (2,22) shows that 7 must be a homogene- 
ous function of degree zero inf G P,Q. If we 
therefore choose 7 so as to satisfy these relations 
(2,22) ~ (2,23),we will have reduced our original eight 
equations to four only in consonance with the consisten- 
cy condition. The equations (2,22) - (2,23) would then 
be indentically satisfied, (2,18) = (2,19) or (2,16) - 
(2,17) would give the relations between the invariants 
and (2,24) = (2,25) would give PQ aS functions of 


F and Gi or vice versa, 
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equations. 
In the usual notation of the theory of partial diffe- 


3. 3 f 


rential equations, we can write (2,22) - (2,23) as 
FE tb +b +25) +%,p, = 0 (31) 
F = OP ~2P -%P, +% p= 0 (3,2) 


and proceed to find out the most general functional 
form of the solution common to (3,1) - (3,2). 
at 7% sit is easy to verify that the Poisson bracket 
(FF) = 080 that the equations form a complete 
Jacobian system as they are, The most general solu- 
tion of (3,1) is any arbitrary function of 
(%Jz,%3 [= %4/x, - Adopting the usual method 

we introduce the new variables given by 

Kp My yp Ma My [ayy U = 23/22, 5 HEY foes 


With these substitutions, equation (3,1) dee, 
x, OF + X of ‘of of 


ite lee eee ee 
OAs De, hes a #3, 


o5/x = 0,and the second equation (3,2) i.e, 


=0 heouces f 


reduces to 
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Le Uf -urf -uof -f -wf, +Vf,= 
or, fF. Ure) +f, (uviw) +£,(4e-v) <0, (3,3) 


The Lagrangian subsidiary equations of (3,3) are 


Rane © ae TS = ee (3, 4) 
Clee uy tW UW - VD 


and we need only find two independent integrals of 
(3,4). 
From (3,4) we can immediately deduce the r elations 


4A A vou +urduy 
l+u* i orth 
au wdv - vaw 
“1+u tye ey hoe 


These lead to the two integrals 


foo (1+ut) = fog (uy i) + Cordt 


Ont , lon - tam’ ( 2 ) = 


For reasons to be given immediately, we write 
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Gis] Pgh ga aan PQ hh (3.5) 
PO FP-GQ 7 


The reasons for choosing € and €' in the forms given 


by (3,5) is that we want to have these mauxtions 
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quantities reduce themselves to the corresponding ones 
when we @o over to Infeld's case where (, and Q are 
neglected. If G-Q=0, then ¢’-0 and € re- 
duces to + (F/p): We therefore postulate that the 
negative sign is to be taken in order that our value 
of ¢€ should be the square of the corresponding ¢ used 
in Infeld's investigations. We may also observe that 
in the limiting Maxwellian case where G - Q, and F:-P 
we have €=1, end €/=0. 
The most general form of the solution common to 
(3,1), (3,2) is any arbitrary funetion T(€,¢'), of 
€ andé’. If JT be chosen in this form, (2,22)- 
(2,23) are iflentically satisfied. Our generalisation 
has introduced the additional parameter €' ona gives 
rise to a two-fold infinity of section functions satis- 
fying the condition of self-conjugacy. 





We will show that, in our general ease also, if (2,4)- 
(2,5) are satisfied the action function T Can be re- 
presented aS the sum of a Lagrangian and a Hamiltonian 


Let 
Le, G) = zT+R (4,1) 
H (P,Q) <E7-R{ he 
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where we have put the numerical factor > on the 


right hand sides for 7 in consonance with the nota- 
tion of Weiss. From (4,1) 


2dL = Tp AF + TpdP +16 44+ Tg 48 +2aR 


From the relations (2,18) - (2,19) 
aSAS -2RAR=FAP+PAF + GdQ +RAG 
25dR 42uRAS = FAQR+QdF-GAP-PAG 


Eliminating dS from the above equations 
2AR(R4S*) = dF(QS-PR) ~dG (PS + RR) 
~AP( &5+FR) tAR (FS-GR). (4,3). 
i,e. using (2,20) - (2,21) 


(Tp dF + TotG)( PQ”) -(FAP + TA O)(F +6) 


(F4.G*)( P48 
From (2,16) + (2,17) and (2,22) ~(2,3) we ean easily 
derive | 
Tp Te F4gt\2 
—:— -=/{——]-.€ 
FF P*+a* ae 


and reduce the above equation to 


2QR = pa +1 ag ~TpaP-=To ag 
and 


A ee aT dF +2746, 


fear. Obee ae oT 
bee ore a6 





| Ve 







- i . ae ale | Ba bad 
a hes As hae 

| ‘6 aes KD ie ee ba 

a , ad a mee iy’ 

bead: 4 ee: om) 

a, Sia isi \8- | mm 2: Ay 2 

7 ; is) - in atew ee be 

7 a Tbe ia abd Rte at + —— 7 i 

i. ; ane ae (Se - ena 


5S 7 a A re 5 ae # 
¢ 


5 oy Ag ($n.8). dee {t2,) Ri, 6) enn’ 
aviees 


~ 























= 










htaes 7 rhe ane 
jb ee — — we ia ve 


i 





eo 2 









af gcdiciige aveds.ed? sachet tr 





~~ 





91 


Hence L is the Lagrangian. We can prove similarly 
that H is the Hamiltonian. 


5. & Vv f 


In (2,20) we have obtained expressions rr the deri- 
vatives of T in terms of all the six/veriants, but 
since we assume T to be a function of only FG,P,Q 
we need expressions for the @erivatives which do not 
involve R andS:. ‘This can be done by finding R 

and S from (2,18) and (2,21) and substituting in 
(2,20), <A simpler way is to use (2,12) - (2,15), 
From these equations, using the consistency conditions 
(2,16) ~ (2,17) we get 


FP-@Q = -(R +5) Te Ip -Te TQ) 
(R+S)(I-2€ TP) using (2,16), (4,4). 


fl 


I 


Hence from (4,4) and (2,21) 
ae = /P+Q” Hi FP- GR (5,1) 
F4Gq* E+E" 
St PaO? a he ae 
GQ Fr +4 t RP G* (5,2) 


| In-an entirely anologous mamer or using the equations 





(4,4) we can derive 
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. —-FP-&Q 


Sita P+gy (5 3) 


Pip ashe 


z uu 
art. / F +6 FP-GQ 
Re, PYeQy P+ Q* 4) 


(5,3) and (5,4) follow from (5,1) and (5,2) by inter- 





changing F and G with P and &, and thus deter- 
mine P and Q as the same functions of F and & 
and conversely, guaranteeing in this way the self- 
consistency of (2,4) and (2,5). 

The equations (5,1) - (5,4) express the deri- 
vatives in terms of FG P,Q. Since the action. 
functions we are considering can be taken as arbitrary 
functions of € and ¢’, we must be able to obtain 

Te 2nd Te’ in terms of the invariants, in order 
that we might get for every special system of electro- 
dynamics particular relations connecting F, G, P, Q. 
ve proceed to determine these expressions for Tg and 

T-.* We Gan express Tr and TG in terms of Te and 


Tein the form 
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oe 


— = Te Ee + Ter: G* 
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these for Te, Te! 


{ Pas Sat 
Te (€ &e - & &e) = Eg Te - ER Te 
—Te'(€e &G -& €F) = &o eo Ep MG 





From (3,5) : 
: | F ee G(P+Q% 
Rp ae pa ee 
6 ge! _ _F (Pa) 
ie a. 


AL ees ee ess ae 2 ee 
G” € Pyar’ 6 (FP-GQ)* 


Substituting in the above, ond simplifying, we get 


CT. = F Tp +&T¢ 
(1+€"'?) Te! = Gr -F T¢ 


Using (2,8) and (2,10) these can be written in the 
simple forms (5 
5, 5) 
C Te = R 
2 
From these equations it can be seen that it is the 


derivatives Te , To! that are relevant for the 
tion between F/G, P,Q. 


connec- 
Since we can assume in virtue 
of Weiss's conditions (2,18) = (2,19) that R anas 
are functions of the remaining invariants. This 
procedure of finding R ana S 
Plicatedsquare-roog expressions, 
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suitable for particular cases, @ shall now find a 
slightly different method of procedure by a change of 


the parameters C¢ and rs 


6. Introduction of new papameters. 
We ean simplify considerations to a great extent by 
introducing two new functions A and Va of the 
invariants defined by 

e=e* oF A x tog € (6,1) 


€'s tinge, or M = bom e! (6,2) 
and consider the action-function as any arbitrary 
function of A and 

“OE 


Th * 


Hence (5,5) « (5,6) reduce to the very simple and 


ee (14+ €7) t 
€ OM e 


striking forms 
Ty = R (6, 3) 


| ve em Sy (6, 4) 

Ye can also express (5,1) ~- (5,2) in terms of these 
new parameters. Calculating the value oF (FP. GQ)/(F+G) 
in terms of € and et we resdily find 
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(FP-GQ)(F+ a) = + 1/e Jive”? 
The choice of the + or — sign is decided by going 


to the limiting case of Infeld's action-functions, In 

this case, the left-hand side reduces to (P/F), and 

since we have already assumed ( § 3) that in this 

limiting case (€'-0) we should have our € - (-F/P) 

we choose the negative sign, and write 
FP-GQ | 


2 St ee 6, 
Fo+G* € Ji+er (69) 


Hence (5,1) - (5,2) reduce to 
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fee 0  Giftner 
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Substituting (6,6)-xmt (6,7) and (6,3) - (6,4) in 
(2,12) - (2,15) we get 


~Ab ep 
Eras (T cok — Ta Senge) | (4,8) 
=i tose + Tsing) 
ama Cnt + T Singp) 
g ol eips Tap 


and, 


(6,9) 


Eliminating A and M between the four equations 
(6,8) = (6,9) we get two relations between the invariants 


a a 


7 Relations with the complex formalism of Weiss. 


The parameters A and M are very closely connected 


with the complex invariants 


@ cahite & 
Ve ie 


(13) 
introduced by Weiss Forming the complex 


parameter A +/ 
. tim = bog € title 
= to JPG" — big SPQ sch ((G/e) + (8/P) ) 


{- -(8/e)(@/p)_ ( 












(13) IV; p.86., equations (5,7) « (5,8), 
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i( 


joy LPG ot tas! ( 8] ~f by (Paitin ()h 
{og (F+éG) ~ bag (P-¢Q) 


= Avg (9/¥) M 
Ak ($/y) av, ee (7, 


From the above equation we see that Atm is an 


(\ 


analytic function of both the complex variables ¢ and 
\Y; hence the Cauchy-Riemann conditions give 
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Differentiating (6,6) and (6,7) respectively with 
respect to F and G 
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Adding these equations, and using (7,2) we get the 
Laplacian equation 
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These equations reduce to the Laplacian equations 
given by Weiss for | and H{ (See [Vey ped8, 
equation (6,3)) if we observe that, in accordance 


with our results in § 4, 
es LCF, G) + H(P, Q). 


8. The Maxwellian case. 


This corresponds to €=!,€ =-0,A-0,mMsro- 
Algo we have F = -P=R and G&G = Q=S. 
From (6,6) - (6,7) 


% Borm's action function. 
The action function T (Ap) corresponding to Born's 
Case can be found by using the fact that one of the 
relations between invariants in this ease is G - Q 
Hence from (2,14) = (2,158) 
o Tp =m Teme ST +R Tp 
fino 


2 eg Ey at ale ‘ ; 
5 ; Te : eS ee (4,4) 


Ce 
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yz) ieee = 7; 
we) fee Ta 27 Roms A cet (9) 


using (6,1) a (6,4), (6,6) me (6,7) 
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Solving this partial differential equation 


we easily deduce 
Curt A 


= mie 
as the simplest function satisfying (9,1). We 


therefore write Born's action function in the form 


2 Crk 5A ee (9,2) 


so that in the limiting case f= 0, this might 
reduce to Infeld's foras** Also 
R = Th ae Sinht A | eaoh 


1s a ( cokga Santa) Cs 


Substituting these values in (6,8)-(6,9), we get 


Ps of CoM 
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Gon 


Gee Ren oe 
from the above equations we can @asily deduce 


as |+2F-G~ 
/ 


Bie see 
Lhe 3 
fe Whe: { » Vy 
ave /+2P-Q | 


l+ er o/ 


eh ibaa souben 


t+ whe auriatt ote ent 


once 
oh 
Wid sf ‘has - 
~ oy a oe - — ae - 
wi f G9) m wie re 
o be a / f his ae a 
; Ts) = pee 5 
fee 
“aha its: ‘ 


) 


a _ ¥ 
a — a 
s ai 





100 





so that, 
letkhe Go) +g” (4, 5) 
REY oh Pa Pcie 


which, besides G-Q, is the other relation between 
the invariants in "Born's field theory, "‘25) 
A much simpler method of deducing (9,5) is from 
the 8rd equation of (9,3) itself, for, 
2 Gin & 2G 
fom JA = 2 : oe 
‘ aes. G*~1 


Oud fin = ge! = Fa+Pa G (HD) Sint G = Q 
FP-GR  FPp-G* 
2G | G(F+?P) 
h-l BR eR 


a (F+P)(G’-1) = 2(FP-G?) 


which is only a simplified form of (9,5) 

From the form (9,2) of Born's action function, 
we esn immediately find the form of the Lagrangian, 
From (4,1) 

lL : + T+R 2 + 7 + Ty 
a Corks ) we Sunk } ; eh 7 
fog “og Gah 
From (9,3) and (9,4) this reduces to 


(14) II,, P.73, equation (4,1) 


(15) See, for example, V., p.5763; equation (8) 
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i ooui-sk og ang 
which is the standard form of Born's Lagrangian. 
an alternative form for 7 can also be ob- 
tained in terms of the complex invariants 9g and y. 
Using (9,3) ; 
$ (1+ Oyu) = Coat 
Y (14+ Ory) ~ eee 


By addition, 
worn? +¥) = Crk d — tay 
w le toha = eg m ($+ p+a) 
vy 2b +2) +h = TOTEM anal (9,2) can be 


iy 


Tey aa H2V44 = -2 (9, 6) 


written as 


From (9,6) it easily follows that 7. = Lagrangian + 
Hamiltonian, 


In fact, 


AP tA +h = 2F+™P +4 , Since @= Q tn Borns case, 
and from a imown identity (1) 
V2F+2P4q = L+H +2 
The form (9,6) is more general than the one given by 


(16) Ve, p-580., equation (23) 
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weiss’? which holds when the invariant & is neglec- 
ted. The complex Lagrangian and Hamiltonian given 


| 
there fow this case are respectively C24)? -1, and 
/ 
CHEZ yy 7-1, and in this case we have 


Vierg + Vitay -2= J/2gs2peq -2 (YY 
in virtue of the relation 


Tae Ves 


while the left-hand side of (9,7) is not Born's action 


9 3) 


function in the general ease, we have shown that the 


right hand side is so. 


10, a on f ° 


The one parameter group of action functions given by 
Infeld, and the one given by Hoffmann and Infeld are 


given in our notation by 


and following the analogy of Born's action-function 

we can use Caleta or ('/cort ms) which tends to unity 
with M=°, 938 « sort of guage-factor to Seneralise 
(10,1). It appears, however, that there is no cri- 


terion which leads to such a kind of Seneradlisation 


(17) IVe, pePl, equation (S 


8,5), 
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S1so Th - RK gives 


d (10, 4) 
@ is (1+2R) Cos) 
From (6,8) and (6,9) - using (10,3), (10,4) 
QF = (1+2R)-(1+2R) tot 
F (I+ ) ( 2/M o.5) 


2G = — (I+2R) CogM Su ar 
Since our idea is to obtain the power-series expan- 
sions of the Lagrangian obtained from (10,2) up to 


19 
the second power in F andG, we assume ‘>”? 


R = Qa, F + Q: F gaat ) 4 
0 
doh «La bp + bP he ie 
Since R-yo as (FG)-yo while Orzo —y | Substi- 
tuting (10,6) in (10,5) after squaring the second 
equation in the latter, equating coefficients of like 


powers and neglecting terms of order higher than two, 


we get 
Mal, 4=-2, 4 2-2 

| a a ee 

Le R= fe QF Set Hie 
Cw ja = (2a 


(19) The invariant G& appears as square only, as 
pointed out by Weiss, See V., p.89, 
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The Lagrangian corresponding to (16,2) is given by 
pet as (using (10, 4)) (10, 7) 


Again from (10,4) and (10,6a), we can write 


ds eg (1+ 4F-4GF -12 4) 
= 4F-laF -aG , (Upbb Second power) 
and (10,7) reduces to 
2. b% 
L >= F-F -G 
(Be) 15 (Bey 6(FEI} les 


i iat 
a 


whereas the Lagrangian of Buler and Kockeh is 


peek (oes (2) BBY (1,9) 


9p Tim'¢ 





and Born's Lagrangian is, 
’ aie a z . 
Lea BLR) 5G) +6(BEIt (oy 


Thus while (10,8) and (10,10) agree in the second 
order terms in 6 , neither of them coincides with 
(10,9). Also (19,8) gives the same estimate -. ~ /30 
a8 done by Infeld's action function (S=0). 


— 









we qh aes 


ish iD, 2, 


ee and oY age * 











i paar Be leis ane § . ak Wis 
: 7 de! 7 7 
ow 


dab dadpel faa cei! Yo or tyereses nage tow 


- 


. 7 ® ee cs a f 
ie 5 1 ry > 4 = ' ; r 1 : 7 


,bi colacerpes 259) Sor 


—. . * y 
i b 2 
* a 
SIOOs gh Game -OE,C o 18,6 atime. 
y ee; ~ Tere . *) 1. 5 e1e7 “pho 
ie) wet a HE: 


geal wi aed oe 
e 


“ ae es 


loé 


11. Coincidence with Lagrangian of guler 
and Kockel. 


The q-uestion that now arises is whether it is possible 
to manipulate the action-function so as to obtain this 
coincidence with (10,9) and so ss to reduce to the 
Hoffmann-Infeld fimction when M=0. Now it can be 
Shown that if we alter the second term of (10,2) by 
multiplying or dividing it with the factor G4u, the 
relations between the invariants F 4, P, Q will not 
be algebraic, Since this is desirable on grounds is 
Simplicity, we try with 


(Cis win) ~ La - ~f (tap) auth thal f(1) =1 

(e tak) -LA~ Fy) Arete (11,1) 

wal = (owt) “eee oe (142.R) Goh Go, 4) 
Te : (cli) [aes +240) feasts 


b= 2R-tretfi- soy} (1,2) 
In consonance with (10,62) we &SSume, up to the second 
order L tL 
Cah = wil + f qo 
f(») " Ve Le 7 ({/ 3) 


fo) 2+ a 


7 \ obNTOnTaD: 


mabu vile Y Bea _™ erin 
ae be, ue oad 
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From (6,8) - (6,9), 
2F = (1+2R) —(l+2R) Cob + (142R) fo) Sat ar es 
1,4) 


~2G = (14 2R)f O) Sad p 6G + (142R) Sin bp teat 
Substituting (11,3) in (11,4) after squaring its 
second equation, retaining terms up to the second 
order, and comparing coefficients 
feel 8 (Ch 0" 
-2/ (K+!) 


(1, 5) 


Prom (10,4) we find A, and substitute for AR, and 
f(y) in (11,2) obtaining 


Ls F-2F 4 @ (a4 8 LL) (11,6) 


If (11,6) should coinetde with (10,9) in the coeffi. 
cient of Gq we should have 


Veataa 8 104 
(i, 1) 


or 2R+2L -yaX = 7 


V@ now still further Specialise (11,1) by putting 


i 
(>) =)" and determine the value of YN 50 as 


to satisfy (11,7), 
(y) == (te pq)". +p G. 


f'0) : a n+ n(n~1) B Gq”. 
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Hence . 
. L-nf (1,8) 
K =n 
Putting (11,5) and (11,8) in (11,7), we get the equa- 
tion for n, 
g ly a 
N+! (nei® (n4ti® 
(1 Y) 
ae Yn 4lon+3 20 
giving n--1, er n=-3/7, but n--! would 


meke both < and f infinite and consequently ef R 
and Cro Neglecting this value, we can take. 7 = -3/, 
and obtain an aetion-function which has the desired 
coincidence of the Lagrangian. 


in an exactly similar Way, we Can show that 
Ah n 
T=e (meu -La -(Co4¢) , where n = 8/y, 
elso gives an setion-funetion of this type, 


12. Conclusion. 
It is practically certain that the method adopted above 


can be applied to several other functions 80 a8 to ob- 


tain the desired Lagrangian, It appears therefore that 


even this criterion does not restrict the type of func- 


tion; nor should this be surprising since we are 
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merely comparing coefficients of particular terms 

in two power-series expansions. Anyway , the several 
types of action-functions serve to bring out the 
possibilities of the new field theory. 
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7. Introduction. 


SCHRODINGER! has given a representation of Born’s field theory by using two 
complex combinations of B, E, H, D 


F=B—wW; G =E +7H,.. sa a ie oes 
starting with the Lagrangian 
Ga ae 2 
eee we, 


ee ii ie ef " pg ay 


and the “ condition of conjugateness’’ given by 


Spee SS eesnege 
0G (FG) (FG) ‘ 
oL 2F F* — GC? | ake yet (3) 


o = 3% = (9) — “(FE § | 
The equivalence of this treatment with Born’s theory is shown by using 
suitable Lorentz and y-transformations and reducing both representations 
toacommon form. In this paper, I have established this equivalence directly 
by means of analytical transformations by showing that (3) is an exact 
transcription of Born’s relations between primary and secondary field vectors 
and also given two other simple proofs of this equivalence. This has neces- 
sitated a detailed study of the invariants of Born’s and Schrédinger’s repre- 
Sentations and as a result I have been able to find two other ‘altemative 
complex representations (entirely equivalent to Schrédinger’s) in which the 
action function again appears with the square root. 
in this paper are summarised as follows :-—_ 


0 Oe IL 
1) If = 5% — 
(1) G g and F¥* = iG and Born’s relations hold between 


the real field vectors, then has necessarily the form (2) 


(2) A detailed study is made of the relations 
Invariants and space invariants of Born’s theory 


The results obtained 


between the several 





1 E. Schrédinger, Proc. Roy. ‘Soc., A, 1935, 150, 465 


oun 
a | 
ut 





— 
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(3) A similar study is made of the invariants of Schrédinger’s repre- 
sentation and its equivalence with Born’s representation is exhibited analyt- 
ically. 


(4) It is shown that Schrédinger’s representation is equivalent to the 
alternative representations 





a ra yee Lie 
57 7 GF ou | 
anc 
e--G| Ba--g | 

IF IG 


where (/ and @ are functions respectively of F F* and CG, G* with a 
square root form. ‘These representations lead in the simplest manner to 
the form (2) of Schrédinger’s Lagrangian. 

2. Form of Schrodinger’s Lagrangian. 


Sand Fa 7 and if Born’s rela- 
tions hold between the field components, then £ has necessarily the form (2). 
If Fand G are defined by (1), they form a true six vector defined by 
the antisymmetric tensor 
Opiae Shae aa ipas” ee one oe (4) 
where the tensors fy, and /z; define the field Eeeorea of Born’s theory.” 
The complex conjugates? (G*, ¥"*) alsoform a true six vector defined by 
the antisymmetric tensor 
yeh — fret — pk oe ap - Se ALOT 
and the equations 
& Of ere ose 
ae oni eo 
can be written in the form 


yl = OL o- o. o- o- oe oe (6) 


OGal 
n 
With £ we can associate, just as in Born’s theory, a Hamiltonian H give 


by 


We will show that if G* = 


Fi a RO A: (7) 

‘ollowing the notation of Born and Infeld we shall use the anne 
Dey er ee . ee Sed tS) 
wee Gc: i oe 


2 i.e., (pes, P31> Piz) > H; (fes, far, fiz) 
. Geis > D; (fis, fea, fas) > E 


sor and the complex conjugate 
3 The * indicates the dual when associated with a tenso r 








when referring to a vector. 
4 Born and Infeld, Proc. Roy. Soc., A, 1934, 144, 435. 
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G=Q 8 : ce os os = (9) 
which hold between the Several invariants. Calculating the second 
term on the right-hand side of (7), by using (1), 

} rq, = (BE — iH) (B — iD) + (B + iD) (E + 7H) 

= 2(G — Q) = 0, using (9) a Bs se (10) 
Hence A = Lor, in Schrédinger’s representation the Hamiltonian coincides 
with the Lagrangian ; and corresponding to (6) we also have 


(ites ee x . : 7 Walsihs 


or" yy 





where £ is defined as a function of the invariants associated with +4. In 
(6) let £ be considered a function of the two invariants fand g, where 


f=F.- G=hu 
Se (AO) 8 ee 
and in (11) as a function of the two invariants # and g, where 
De a Ah th 
pee Es a 
(6) and (11) can be written in the form 
2 ie 
* oL a “ 
fy wet yh 
g Sarvs oa Dare ..(11, A) 
By direct calculation, using (4) a (5) we can easily deduce 
4 vAlqyy* => 4 v*klg = i rpgrh? = i rey’ qh =— (F + P) a (14) 


We now multiply (6, A) respectively by 3g), 4 r,;* and 4 27,2 and sum up 
in each case. In view of (14), this gives the relations 


oL od } 

> 

ect ok 

of F+P a ‘ + (15) 
a | 

ew FP 


penne (11, A) in exactly the same w ay by multiy 


ying by Ly,* 1 
+ gy," and a ae up, we get SOY 4%, $9 and 








to } 
oL 
op r + P t (16) 
of Ey | | 
og F +P | 
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From the first of the equations in (15) or (16) wesee that is a homogeneous 
function of degree zero in (f, g) or (p,q), which is also otherwise obvious 
from the relation (10) or its equivalent 

(F G) + (FG) =. 


Also from either (15) or (16) we get 
fp 


ee (17) 

re 
We now proceed to calculate actually the values of the partial derivatives of 
£ by making use of Born’s relation (8). If I, and H be the I,agrangian and 
Hamiltonian of Born’s theory 

Ae Gs oi 

ne vCEF=o 1 

H=L—R 
and using these expressions (8) can be written alternatively as 

(L +1) (8 +1) =14+C@ .. _ a aa 18) 
From (1) we get 

g=G+Q4iR =2C6 +iR 

g=G+Q —iR = 2G —2R, 


hence, 
gg = 467 +R? = 467 +[(L +1) -(H+)P 
= 4G2 + (L + 1)? + (H + 1)? —2(1 + G), from (18) 
= 4G?4 (14+ F — eee gee. (1 + G’) 


“ gg =F+4+P tet TD} 
Substituting (19) in the See a aeationd: of (15) and (16), 
Da ht Lige ol 





of ape we aed 
and the first equations of the same two sets show that 
eee OL ee 
og gr’ og q 
Hence, 
.. (20) 
Pte a a = ' 
& q 


which is the same as (2). Equation (20) consists of both the equations (1) 
and (6) of Schrédinger’s paper. | 
3. Relations between Born’s Invariants. 


The invariants F, G, P, Q, R, S are defined by the relations 


B=tflfe = 4S fui P = hpi PY = — 2 bu: 
G= L fy f'™ =4 fi f* 9 = = 1 tp! pal” = tp bu: 
R=} fyp® =—-—tfur:S= 4 fe pu =4f™ bu: 


or, in space vector notation, 


//4. 
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F = B* — E*?; P = D* — H?; G = (BE); Q =e 
R'= (BH) — (DE); S = (BD) + (EH). 
We shall derive the several relations that exist between these invariants. 
In the equations 
OL pay 4 Ly po py 
fect sed | (21) 


* oH ey 1 2H gy | 
Pio tsa? | 


* . 

multiply the first respectively by }fw, 4fa", 4p, 4 pa and sum up; 
* 

similarly the second by } fx, 4 fx", + be, $ Px and sum up, We then get 


R= 2F 42624 Gast 4 Re 

§= 462 — Fox —F=-23R55 +855 
—~P=2R% 4 sox s=49 7 pt 
Q= sa. 3% —R=2P55 +2055 


Using L=V71+F—G?—1; H= /1 +P — Q —1, introducing the 
values of dL/oF, dL,/oG, dH/dP, dH/dQO and rearranging 
F — 2G? P —2Q2 ' 











ES oe Tee eee ee 

G(F + 2) OC a] ’ 

(d) = 5 = % —~ |(b’) 
cee) H+ 

(22) 
R—GS Roy Us 
(c) viesuae re F = — = (c’) 
a7 8 H+1 
RG 548 ; 
Cae Sea BG ei 


All possible relations that can exist between the invariants can be derived out 
of the equations (22). We shall deduce a few important ones which will be 
of use later on. 


Substituting (a) and (0) in (d) or (a’) and (b’) in (2’), we get 








G=0Q0 os = «,- (9) 
Substitution of (@) and (b) in (c’) or (a’) and (b’) in (c) gives 
G@+1)(@4+1)=14+C .. (18) 
Comparing (b) and (b’) 
F4+2 P32. § 
Lite Hl ic 
SRS Pi 7h pies 
Go (Re “Lip aes 


IS” 
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Comparing (a) and (a’) 
pa F-26_29-P 


Eo aa 
pot o—P. _F+P- iC 
La eo a Re 
and we have the relations 
S F — Pp = 
Ce he a es I Pd one os (23) 
: ae 
cae Sag 4=F4+4P 3 i .. (24) 
Finally we can write (22) (d) and (d’) in the form 
S 
e+R=2(L+))| 


x { a af 5fs se tao) 
os Re= 2 (H.-- 1) | 
We shall next deduce some relations existing between the several space 
invariants according to Born’s theory. Let 
FF, = B? + E*; P, ec ag M =(DB);N = (EH); 
J =(DE); K=(BH) © 
I, = (1 + B’); m = (1 a ly = (1 — H?); m, = (1 — E’) 
= (BH) +(DE)=K+J 
(BD) — (EH) =M—N 
The action functions U a Vv of Born’s theory can be written 
= Vim, -M?—-1l1=V71+B+D!4+S-1 
= Vi,m,—N? —1= V1 —E — +S? — 


wl 


where 
S =(D x B) = (E x H)® 
From the relations® 
U+1= M/G\ 
V+1=N/G$ 
we have, : 
M+WN : a 
U+V4+2= G oir =-L_L_+H+2 .. eteland 
Observing that U = L + J, and V = L — K, we have 


9(U +1) =2 (L+ cae a from (25) 





I 


I 


S4+K- Jt2jJ= c +R 


————— 


5 Born-Infeld, Proc. Roy. Soc., A, 1935, 150, 159. 
6 Born-Infeld, Proc. Roy. Soc., A, 1934, 147, 545, equation (/). 


/16 
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hence the relations 
S } 
pee eG) 4 
6 Pe a 
= ar aaa 1 
S-R=2(V +1) | 


analogous to (25). 
Again,S, =M —N =G(U —V), from (26) 
Gl +J—-L+%) 
S, =GR, 5 : con pee 
The relations between the primary aa pooner field eter in Born’s 
theory when L, H, and U, V are taken as the action functions, v7z., 


I 


Dele eels 
peas iael tarsi 
oH. _ oH i 
B=sH’ = = dD J 
and, 
aL ae re 
Ean al esneey 
dE’ oH j 


can be written in the forms 
H an +1) =B—GE 
=E-CB 


cae 1) 
t € 
a 1) =D—-GH 
and, 
E (U + +1)=4,D—MB =D 4+ (Bx §)} 
H (U + see allo DE Deas 
a oe =E-—(H x5)! (31) 
B (V 1) = mH +NE=H+(€ x §)| 
Substituting oy M a N in (31) from (26) and using (30) we get easily 
he LeU 1s 
m, = (H +1) ( oi 
2 ee 1) | . me ee -. (32) 
= (L +1) (V + a J 





T There is a misprint in Born- Infeld, Proc. Roy. Soc., 


fG9, JOA) where inthe numeratorD + QH shoul recap A, Saat 144, 438, second formula 
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Multiplying the equations (: S 7 
eee quations (31) scalarly by D, B, E and H respectively, 


J(U+)) =D +8 , 
K(U+1)=B48 | 
TW +)=B-s | Z +. (33) 
K(V +1) =H? — S$ J 
Similarly multiplying (39) scalarly by B, E, H, D respectively 


K(L +1) = Bt — G 
seeainuetan tae 
K+) =m 40 | ” i ss .. (34) 
J (H+ 1) =D —@G ) 
From (34) we deduce immediately 
Bye (Gor 1) R, ) 
P, = (H +1)R (35) 
F, — P, = RR, ) 


From (33) and (34), using U =L+J =H+K,andV=L—K=H-J 

we have } 
KJ=@+S a ee Ne »- (36) 
= py — wor (5) (1488) 

ae OM) (ECM) SM from (18) 











1 + G* 
KJ—MN 
oes 1 + G (37) 
From (36), (37) and (26), we easily derive 
U+))V+1)=1-8 .. .. (38) 


Coming now to vector products of the field Antes in Badiiion to S, the 
two expressions (B x H) and (E x D) are equal (see Reference’). By 
suitably multiplying equations (30) and (31) vectorially with the proper field 
components we get at once 


(Bx H)=(ExD)=GS .. as y ». (39) 
In an entirely analogous manner we can derive from (30), 
AB ee ete eat So 
t (40) 
(H x D) = —(H +1) 8S ) 


4. Invariants of Schrodinger’s Representation. 
Denoting the invariants of Schrédinger’s representation corresponding 
to F, G, P, Q, R, 5, by the small letters f, g, p, 9,7, 8 we can derive relations 
between them by proceeding with (6, A) and (11, A) just as we did with 


I(? 
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equations (21), For this purpose we need only add to equations (15) 
and (16) the relations obtained by multiplying (5, A) and (11, A) respectively 
by 4 gy," and 474; and summing up. ‘This gives 


IL ea 
See aie Me ere ae are ate ..(15, A) 
P) 0 ; 
sa 495 9 . (16, A} 


It is easily seen that the relations in (15), (16), (15, A), (16, A) can be reduced 
to the following independent relations 


ene eR a 
eee oe et se 


t? 2 a .. (41) 


PY 
when we substitute the proper values for the partial derivatives of 77 
The connection between Schrédinger’s and Born’s invariants can be 
written down at once from (1), (10) and (14), 





=F—P—218 
g =2G +1R 
pos Pook 245 
9 =2G LAR ? 2% is a -. (42) 
= | 
s = —(F +P) 


and conversely, 
4F =f —p —2Qs } 
4P =p —f—2s 


4G =4Q =gigq (43) 

2R =1 (q —g) 

iS =i(f +4) 
From (41), s =4 4% gives 

ve 

2 
=3 from (23) 
ae J = Ss yr no 

2 tL AB 0 Gag ee ee ie oF (44)8 
giving an expression 


a ; ae 
of Schrédinger’s Lagrangian in terms of Born’s invari- 


ants. An alternative derivation of this relation, which is perhaps simpler 


is 
* This relation has also been d i 
Nee ee S also been deduced by Marie A, Baudot, Comptes Rendus, 1936, 202, 


li9 
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obtained by writing 
jo bP —2is=58 — 2758, from (23) 
a - (2G +2R) 
ih .S anes 
ee putting in the value of g from (42) 
& 
Vet = me 


We shall establish directly the analytical equivalence of the two representations 
by showing that the equations (3) are an exact transcription of Born’s 
relations (30) between the primary and secondary field vectors. We have 
therefore to show directly that 


: : ] 
B+iD =~ 7 +18) — 4B iD) | 
t 
' 2 f 
E-iH = pa Segdedierty Wa FL | 
; , ji ee: 
or, using, g = 2G +3 Rand = = 4; that 
6 
? ; - ] 
—2(E +H) +15 (B—iD) =@G +iR)(B+iD) | 
° é t 
2(B—iD) +i 5 (E+1H) =(2G6 +7R) (E —7H) | 
Equating real and imaginary parts, this requires proving that 
i 
Sep i9 Re BOB] RD | 
Cc I 
g f 
— = 2GD | 
GB 2H=RB+2G } 
and, 
-2H+2B=2GE+RH | 
Re ove Re 2CH | 
G 
4:00; 


p (& +R) =2(E +68) 
H (§ +R) =2(B- GE) 
B(3—R)=2(H +QD) 


&(-2)=2(0 08) 
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and in view of (25) these relations become identical with (30), thus establish- 
ing the equivalence. 
Coming now to the space invariants of Schrodinger's ee 
we shall calculate directly from (1) the several scalar and vector products of 
the complex field vectors. 
F? =B—D? —-2i1M=R (U+1) —21G(U +1), from (33) 


and (26) 
ie, F2=—-—iU+l)g 1 
Similarly F#@= i(U+1)g | rn ae .. (45) 
Gr= iV4+)g | 
Cts ATV Ee J 
F*?+ G? =F, — Pi — 28, = RR, — 2#GR,, from (35) and (29) 
2 = — 
1.0, F* + G* ie (46) 
a ee 


Regarding the scalar products of different vectors, 


(FG) =2G+iR=g 





(F Gi) =2G—-iR=q | 
GD Pra, | 
(F G) =iR, | ey 
(FF) =BPLD 
(GG) =P +E 
From (46) and (47) we immediately observe that 
F°+ Ga(FG)(FGQ) .. 64 i .. (48) 
Finally, calculating the vector products, 
Fx G ={(B x E) + (D x H)} +7 {(B x H) —(D x B} 
= —RS + 27GS, using (39) and (40) 
=tg8 
Also, 
(FXG) =(BxE)— Px HW —--sa+H+42—-Ss 


and (¥ x F*)= — 
these together, 


ee ee re F* xX G) = aos 
enn cae 88) 
(F X F*) =—2iS; ( ho ue oo) is | 


278, and similarly for other vector products. Collecting 


(49) 


J 


12] 
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From equations (49), 
a * 2 
(F X F) =(G * D) = 6% @ (F x G)- == (00) 


which is equation (13) of Schrédinger’s paper. It might also be noticed that 
all the vector products in (49) are expressed in terms of § which becomes 
equal to zero when (¥ x G) = Oand g+ 0, so that all the vector products 
reduce to zero. This corresponds to the Lorentz-transformation which 
reduces the Maxwell-tensor to the diagonal and makes all the four composing 
three vectors parallel. 


5. Alternative Complex Representations. 
No complex combinations of the field vectors other than (1) are possible 
in view of the form of the Maxwell-Born field equations, viz., 
PoE es erat Hee oe | 
ot ot 
divB = 0; divD = 0 5 
but corresponding to the representations in Born’s theory in which the action 
function is taken as the displacement energy density U or the field energy 
density V, we can set up analogous complex representations. Correspond- 
ing to the equation 


U =L + (DE) 


of Born’s theory, we introduce here 


U=L+(FG) =L-(F' G) .«. 5 akan) 
or, using (48) ; 
Tee ae ee ess sis ». (52) 


(FQ (FG) 
From (52) it is seen that the (/ we have introduced is twice the component 
T,, of Schrédinger’s energy-impulse tensor. If we now express (/ as a function 
of F F'and treat them as primary field quantities, (51) enables us to find 
G iG. as derivaitves of T/ with respect to these. In fact 
dU =a — FAG — GAF 
= 34 IF +35 1G -— FIG - GIF 
= GdF+F' IG —-F IG — CaF 
= GaF— GAF 





and hence 
Otel oa 1 
ie ot at (53) 
PC) ee | 
IF G | 
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We shall now express @7/ as a function of Fand F *. Multiplying the 
first equation of (3) scalarly by F, we get 


ae Foie rat) 
aie age) 
F! F* G 


~~" EGF FE 
, EF! , (FX G+ (FHP 
© (FG) (F GY 
F* 2 4 (F x G) 
F G. (F GY 
Using (52) and (50), this can be written as, 
FF =—-1-4+U4+2(F xX F*) 





cat per ies 


or, 





U=-2Vi + GFF —-4(FXFY @ -- (54) 
Putting in the values of (F¥ F*) and (F¥ X F*) from (47) and (49) in the 
square root on the right-hand side of (54), we get the significant result 

@d=-—-21(U +1)=—-2iVvV1 + B+D?+ & .. (5B) 
We could also have deduced (55) immediately from (52) by substituting in 
the latter the value of ¥* from (45). Eyuation (54) or (55) appears to contain 
the essence of the reason why a complex representation of Born’s field theory 
is possible. Of the four actions I,, H, U, V possible in Born’s theory we 
see from (54) and (55) that it is only in the last two cases that we can express 
the action functions directly as functions of the complex combinations speci- 
fied by (1). This fact also provides the simplest proof of the equivalence of 
Born’s and Schrédinger’s representations. For, with 

= — 21(U +1) 
we can directly establish (as we shall do a little farther) that the equations 
(53) are satisfied. We can now put 

L=U-(FG)=U+(F" G) 
and show that equations (3) are satisfied. For the value of “as a function 
of F and G, 

L= TU —-(F G") gives 

2 F2 2 2 

L= Ve) = Fie from (52) and (48) 
E oe Nae G? 
“ere Tea aoe 


which is Schrédinger’s form of the Lagrangian. 





Just as equations (3) are a transcription of Born’s relations 


‘ 30). we wi 
show directly that the equations (53) (30), we will 


are completely equivalent to (31) 
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Differentiating (54) with respect to Fand F 


oT = * * , f 
OE Mi ge — FAP eae a oe 
eee Nees the 
(U4) soe =F +t Fx (Fx F))} . .(53, B) 


The right-hand side of (53, A) is equal to 
> iF" +1 (F¥* x §)}, using (49) 
= —i(B+éiD) +7((B + iD) x sp 
==) {D + (B x S)} — 7 {B — (D x S)} 
= (E — 7H) (U +1), using Born’s relations (31) 
Hence (53, A) reduces to 
ae 
Gr 


Again, eae -hand side of (53, B) is equal to 
t{F — t(F x S)} 
= 1 {(B —7D) —2[(B—7D) x S}} 
{D + (B x S)} +7 {B —(D x $)} 
(E + 7H) (U + 1); and (53, B) reduces to 





I 





ae 
— 398 = 0 
We can, next, introduce analogously os C- representation by putting 
Re ee be PCa oy a . . (54, A) 
or Uo —24(V +1) =— 1 Ve | (55, A) 
and show that, 
3 Se eel 
P ap 
t a ws aF a OG) 
2G. =-F | 
oe ee 
(53) and Se are the sos of 
=o : 
xe =F ve 
1G J 
and, 
2, = g | 
; 
S | H=L ..(3, A) 
LH _g¢ 
OG 


(3) and (3, A) are oe invariant as is evident from the tensor form of 


the relations (6) and (11). Just as I have elsewhere? deduced the Lorentz- 


9 Proc. Ind. Acad. Sci., A, 1936, 4, 436. 
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invariance of the field equations derived from U and V in Born’s theory, 
by using semi-vectors, it is possible to deduce that (53) and (56) are also 
Lorentz-invariant. It is also easily shown that these relations are invariant 
against Schrédinger’s y-transformations. For example, if on the right-hand 
sides of (53, A) and (53, B) we replace ¥ and F* bye’ Fand 2” F* the 
expressions are multiplied respectively by e” and ¢”, as they should in 
consonance with (53). Similarly (56) also is invariant against y-transforma- 
tions. 
Let us now make a transformation to the Loreniz-frame in which all the 
four composing three vectors are parallel, then from (55) and (55, A) 
U=- 2i1Vv1 +B? + D Y 
OW = — 21V71 — E? — HP 5 
and if the corresponding ‘“‘mixture’’ feld be taken as the standard one, 7.e., 
if we do not use any further y-transformation to abolish either the electric or 
magnetic field quantities, we have!® 
B+ Dt = (1 — Z°)|H 
and E? + H? = 1 — &?, so that 


(57) 


U=—2i/H é 
CV= -21F Ge) 
0 2 

or a ot ours ae es aie ah oe (59) 


If @/and @ be interpreted as proportional to the “ displacement energy ”’ 
and “‘ field energy ’’ respectively, this shows that they are in the ratio of 
A’: 1, pointing out again another dissymmetry between field and displacement. 
Treating the singular case of Schrodinger, the equation (52) shows that 
when (FG) = 0, we should have 
F* + G* = 0; and ¥* =0 
in order that @/ may not become infinite. ‘These equations give 
GHatiG, F* =0 ‘ 
and lead, just as in Schrodinger’s article, to 
|B] =|]D],andB iD 
when the case of infinitely weak fields is discarded. 


Finally coming to normal and abnormal fields, these arise in the present 
age cian from the two values of the Square root as can be seen from (57) 
e ee tee ae the sign of T/ or © does not depend upon the fave 

er > 0 or < 0, but on takin iti ti 
, but g the positive or negative si 
the square root 1. OG 77, iti eed 
; could be positive imagin i i 

_ gimary or negativ gi- 

nary just like but here for a different reason ; oe ane 





10 See Reference (1) ; footnote on p, 472, 
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(Biquaternion representation). 
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1. Introduction. 


In a previous paper ‘2? I have considered in detail the 


complex representation of Schrodinger and investigated 
its relationship with the ordinary representation in 
the earliest form of Born's field theory. Later Weiss 
has given another complex formalism which is valid not 
merely for this form of action-function but for general 
types of Born's Slectro-dynamics, I hae shown else- 
where (2) that this formalism arises quite naturally 
when we introduce generalised action functions in 
Infeld's theory without putting G - 0. A third 
type of complex-representation has been given by Watson? 
Yor the case of Born's original field theory. He con- 
structs four biquaternions corresponding to the four 
pairings (B,E); (, A); (DB) and (€, B”) of the fie1a 
vectors, obtains their tensors, ond the relations be- 
tween primery and secondary field vectors in the first 


Case. I shall indicate briefly how some of his results 


(1) Proc, Ind, Acad, Sei., 461936, 4,575 - referred to as I 


(2) See the paper entitled generalised action functions 
in_Born’s Slectro-dynamies," the ( paper in this 


thesis - referred to as II 


(3) Watson., Trans, Roy, 5 
. ° Je 30¢c,Canada, (ser 3) 1936 0 
p.10 - referred to as Irl, a 
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follow at once from the results in I, I have also 
given in this p*per more symmetrical representations : 
by biquaternions such that 

(4) each biquaternion is expressed purely in terms 
of the primary field vectors in all four cases, 

(41) the tensors of the four biquaternions should 
be the four action-functions L+!,H+!, U+!, V+! 
corresponding to the four representations of Born's 
field theory. 

(441) the relations between primary and s econdary 
field vectors may be exhibited in all the four enses. 

Next, I show that it is also possible to set up 
a biquaternion corresponding to Born's action-function 
in the Infeld form of a sum of Lagrangian and Hamilto- 
nian, Finally I also indicate a biquaternionic inter- 
pretation of the parameters A and je introduced in 
the generalised action-function theory (in II), The 


notation will be the same as in I, II and III (unless 
it differs from I), 


2. Watson's biquaternions. 


The four biquaternions given by Watson are 
7 = 141G +B'-ce 3) 


1,3 (1+ 6)/T9 +H-iD (2,2) 
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1, = (14D) B)/0+ 6") | (2,3) 
q, = (1 +08) (1-48) (2,4) 
with their tensors 
Tq = L+| (2,14) 
14 Erie ie. (2,2) 
%, a OH (2, 34) 


2 t L 2ha 
14, = l4B +d +6 (2, y 


(It 1s doubtful if the value of TG, is correct. It 


ought to be (7}/) /(I+G°) - )e 
writing gett = r+ 4d. where 


Pri+Bs boGce 
2 ar 
YT: =e Ce. & = G-tB 
— 


oe 
the relations connecting Uo, with B,E 
obtained as 


T= £ fart (2,5) 
iW. Lf ety 
where d= SES Bs ke 


Ty YY 
commutator and K+ 


) and , 5 denotes the 


the conjugete quaternion, 
It might be pointed out how some of the results 
in Watson's paper are Consequences of the equations in 


Xe In fact equations (9), (15), (16) of the former are 


> oon 
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identiesl with equations (32), (34), (40) of the latter. 
From equations (2,1) - (2,4), it is easily seen. 

that 7,1, Oni 1%, which are related to the (D, ry, 

(0,8) and (€’,7') representations involve &, Ty 
which belongs to the first representation. lso the 
tensors (2,22) and (2,4a) do not represent the action 
functions 1 +l, and V+!- Further, relations ana- 
logous to (2,5) in the other three cases cannot be 
derived from the above biquaternion representations. 

3. Alternative bigquaternions. 

We shall first set up alternatives to (2,1) - (2,2). 
Let 


b> 4 = 14% + B-¢E 8) 
and P = 1-¢Q +D+iH (3,2) 


The representation (3,1) is the same as (2,1) and (3,2) 
corresponds to taking (DH) as primary vetors. 


Operating on b with the bi-scalar (I+ i aQy/(k +1), 


we get 
| 


t a age +iB 


if we observe that 


Ups Ht (3,2a) 


and 


(E+ )CH + = (14 @) = (14 9°), (T. (ia)) 
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We ean also immediately observe the relations between 
G,4,, p ana g'- 1 fact 

Ty = Sy > Ty = Sy 

TY, = SP piel pee Y, 
yp, are such that the tensor of each biquaternion 


(3, 4) 
i.e. 
ig the scalar of the other. 


— a 
Next, to express 8B, E 


ya 7 
in terms of D, H 
we can write 


P = iy +th = v +45, 
ey 
where te (+0, t en: = eee (3,5) 
vy, 214i, 8 = Ub D meted 
Putting further, 


Ky , 


- { 
9 — = 
TP, ; TP, Pi 


we can deduce, just as in Watson's paper, 


—) 
faa a3 


x (3, &) 
dap lode ci 


\ : 
- L[s,.71] = ELA 
t K+, (+0, kx, ) 


(TH) = 4 kr (+P, KB.) 


a 


Also, 


cl 


(0+ ()” 


iT 


( 3,7) 





7” 
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we go now to biquaternions alternative to (2,3)-(2,4) 





and set up 
b, = V¥I-]2M xB 4D +o (3,8) 
— 
b, = Ji+an 40e +in Pee. (3,9) 


where (as inI ), 
=) + 
M- (BD) ,N- (eH). 6’- (D xB) = (Exh) 
It will be seen that b, and P; are expressed only in 
terms of the primary vectors ( BD) and (&, W") res- 
pectively. Also 
wekhe u 34 : 
Tb, -14B4D4S Sine (BS) = (VS) -0 
te Th, =e! 
Svincl arty Thy = Vtl 


To express the seconiary vectors in terms of the 


(3.10 


primary vectors, let us take (3,8) first and consider 


the quaternion 
4 aes 
0 T+B (o- vi-am) 


and the bi-vector 


Then 
% KE = -(648)(D +8) - ~Eu-(0-1)(D'+ 8) ™ 
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using the relation, 
Similarly, 
—™ 
Kt % = ~(D+3)(6+ B) 
2 hike. _(6 +1) (D'+8) 1) 


Hence oe 
(rei) ty Kt, eld) Kk *, =-20uE 42M 


—y 
<e s (4, KE - KEN) +(% Ke + KRY =-26UE 42™ 


ie sue eb fa. kab +L [akg] - S Ql) 
Again, let Y, - o+D, Ss Bp’ =e we have 
¥, kb, < -~(6+))(B' +8) tu W 4M 
using 


uh = B8-(D xs) 
Also, 


KB, == (F-)(B +S) Le ely + ™ 
Hence, 


(6-1) % KB, - (641) K8%, = 20uN -2M 


M 
te ul = teh ke =i, ks | += (3, /2) 


Relations (3,11) and (3,12) correspond to (2,5) and 
(3,6) but are not so elegant, 


In a Similar manner we can set up relations 
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for the biquaternion P, by suitably choosing » ,¢ 
5, 8s - 
4. Generalised sction functions. 


Let us first consider Born's sction-function in the 
form given by Infeld as the sum of a Lagrangian and 
a Hamiltonian. In the e-se where (G +0 we Can 
write this in the form, (See II, § 9, equation (9,6)), 


but for a numerical term, 


rs antes (4,0 


where d and \ are the complex invariants given by 
g = F +1G ” 
hae 
We P49 Be 
a sa) 
with F-1(§72") Ps L(B-7), G= (BE) <= Q=(TH) 
We ¢an also introduce the complex invariant 


i = R+i$ (4,3) 
where [X and S$ are given - 
R= t} oe (ve 
ae L LSB 0) +(e 2H 
The relations saci the invariants (See II, (2,18) « 
(2, 19)) ean be written in the form 


Pp <p (4,4) 


We proceed to show that it is possible to set up a 
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biquaternion whose tensor is the action-function (4,1). 


—y . 
ae V = +B “te +DtiN (4, 5) 

the bi-vector on the right hmd side of (4,5) being 
the sum of the bi-vectors of p and P whose tensors 


are the Lagrangian and Hamiltonian respe@tively. We 


have ; 
Ty = Q+2¢ tip +2 (S+éR) 
(using G = Q) 
= a +24 +2 trip™ (4,6) 


the ( *) denoting the complex-conjugsate. If (4,6) 
should give the square of (4,1) we should have 


a +aip™ 2h 
teen A= 2Ji-Lip® and the biquaternion 
ig Na ER pi Far 
Ve A eeepc ee Et De Le (4%) 


has its tensor equal to (4,1). It is easy to see 


that the complex-conjugate biquaternion 7” given 
by 


k +, 4 ., 
Y =2vitzép +B +te pou (4,8) 
has also the same tensor = 


Let us now consider in the general case of action 


functions, an interpretation of the parameters A and 
MC II ¢ 6), 
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It is well-known that any quaternion could be 


reduced to a quotient of two vectors, and similarly 


a biquaternion can be taken as 4 quotient of two 


bivectors. Consider the quotient biquaternion 


ii ee 


Vs Dein 


(4,9) 


and let the quaternion/ be defined as the logarithm 


of 9 i.e. 


y = “py. 


(4, 10) 


then, from the definition of the logarithm of a 


quafternion, we have 


boy Ty | 
fv Uy’ 


” 


SY 
and, Vy 


it 


(4,1) 


where S and \), denote the scalar and vector, and 


T and U | the tensor and versor of the quater- 


nion, 


From (4,9 ) 
Ty = T (8 -<e) “tes oe 
T(Ben yD ~ pe 


Sy = AY. 





A-c 
ee 


(Z, (74). 


(4 12) 
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Thus we have expressed the complex parameter A-im 
“e 


as the scalar of a biquaternion. 


There does not appear to exist any simple 


interpretation of the vector of 4. 
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